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PREFACE 


It is not our intention to present a treatise on Dirichlet series. This part 
of harmonic analysis is so vast, so rich in publications and in ‘theorems’ 
that it appears to us inconceivable and, to our mind, void of interest to 
assemble anything but a restricted (but relatively complete) branch of the 
theory. 

We have not tried to give an account of the very important results of 
G. Pélya which link his notion of maximum density to the analytic 
continuation of the series, nor the researches to which the names of 
A. Ostrowski and V. Bernstein are intimately attached. The excellent book 
of the latter, which was published in the Collection Borel more than thirty 
years ago, gives an account of them with all the clarity one can wish for. 
Nevertheless, some scattered results proved by these authors have found 
their place among the relevant results, partly by their statements, partly 
as a working tool. 

We have adopted a more personal point of view, in explaining the 
methods and the principles (as the title of the book indicates) that originate 
in our research work and provide a collection of results which we develop 
here; we have also included others, due to present-day authors, which 
enable us to form a coherent whole. 

The reader will find chapters that are not connected with others. This 
is the case in Chapter IV, which is really only concerned with Taylor 
series, but is of a general character and, we believe, important enough to 
draw attention to. 

Chapter I is elementary — it only contains the classical results that are 
indispensable for the techniques to be developed later. 

Chapter X plays a special role: in the book itself (the first nine chapters) 
we do not give any bibliographical indications; it is Chapter X that pro- 
vides the history of the results demonstrated in the preceding chapters, 
with a number in square brackets indicating the publication where the 
result in question is to be found. 

Certain statements, for example part of those in Chapter V — a chapter 
devoted to theorems on the composition of singularities - reproduce in 
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an improved form results contained in our Rice Institute Pamphlet, which 
has been out of print for several years. 

As to the guiding ideas or principles which have served almost through- 
out the other chapters, we have to point first of all to what one could call 
the ‘principle of arithmetic isolation’ of the exponents, which consists 
in the following: the exponents whose fractional parts form a set that 
can be isolated by certain neighbourhoods around the fractional parts 
of the ‘useful’ exponents, neighbourhoods whose extent depends on the 
problem in question, provide autonomous information that cannot be 
destroyed by the other exponents; these exponents, which are isolated 
(by their fractional parts) from the others, already determine in a rather 
important manner the behaviour of the analytic continuation of the 
series. 

Another principle consists, as we have already seen in other branches 
of analysis - by making the adherent series intervene — in inequalities 
concerning the coefficients. These inequalities use, when the exponents 
are given, the maximum of the function in a well-defined part of the plane; 
this part of the plane being defined as to its form or its dimensions (or 
both) by the arithmetic character of the exponents or by their growth. 

I wish to thank Miss M. Caron and her collaborators at the Collége de 
France for the perfect way in which the typescript has been prepared. 
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CHAPTER I 


SEQUENCES OF EXPONENTS AND ASSOCIATED 
SEQUENCES. ELEMENTARY THEOREMS ON THE 
COEFFICIENTS AND ON CONVERGENCE 


I.1. Ascending sequences of positive numbers 


Let A={A,} (n> 1) be a strictly increasing sequence of positive numbers: 
0<A,<Ag,... tending to infinity. The quantity 


D = lim sup > 


is called the upper density of A, and the quantity 
h = lim inf (A, 41 — An) 


the step of A. 
If h>0, then D'h<1, because for every ¢ with O<e<h there is an n, 
such that for n>n, we have: A, —A,,>(n—n,— 1)(h—«), hence 


De ian tick 


Denote by M(x) the number of A, less than x (x>0) and let D(x)= 
N(x)/x. Then D(x) is the density function of A. We also have 


D’ = lim sup D(x). 
The function 
= 1 (* 
Dw) == {° DO) dy @ > 0) 
(0) 
is called the function of mean density of A, and the quantity 
D’ = lim sup D(x) 


is the upper mean density of 4. 

It is easy to see that D’ < D’. But one can construct sequences for which 
D’ < D’. Here is an example with D’=1, D'=e7?: let {v,} be an ascending 
sequence of positive integers and set A,=»,+(n—%- D/@e—-Y%e-1) for 
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V_e-1 <<, (K>1, ¥9=0). Here D(x) <1 (x>0) and from A,,=»,+1 it 
follows that 


VE 


Ve + 1 


D > lim = 1, 


that is, D'=1. Also, for »»<x<vp41 (p21) 
(since A,,41=Vp41 + (¥p+1—¥%)~*) we have 


D(x) < . 
xDx) = > ee D(y) dy +[- Diy) dy, 


From these relations for v»<x<vp,, and from D(x)<1 (x>0) it 
follows that 


Dox) <= [rr +S velog Gesalrn)] + log (x/y) 


k<p-1 
And since log x/x<1/e for x>0, we can write 
a 1 1 
D(x) < — E at » vz log (Me 4/%%)} + > 
Vp k<p-1 e 


If we choose,” for example, v, = E[exp (exp n)], then for v,<x<vp41: 


D(x) < Yp-1(10g vp — log »4) * V3 a 1 


Vp ie 6 


that is, 
lim sup D(x) = D =e-1<1=D. 


Observe that always D’ < eD (this remark is due to Deny and Dvoretzky). 
In fact, since D(x) >n/x for x>A,, we can write 


Dex) > + ie Doydy eee (x/2,)]. 


and by choosing x=ed, we obtain 


D(er,) > D(An)/e + n/(edn) > n](ern), 
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D = lim sup D(x) = lim sup D(ed,) 
2 lim sup n/(eA,) = D'/e. 
The preceding example shows that in this inequality e cannot be re- 
placed by a smaller constant. 
We also see that D’ and D’ are simultaneously equal to zero, finite, 


or infinite. 
If D’ <a, then the products (n> 1) 


converge; P,>0. The convergence of the product is an immediate con- 
sequence of the fact that A,>kn with k>0. The sequence {A,}, where 
A,=P;*, is said to be associated to A. 


THeorem 11.1. There is a positive function Ala), defined and finite for 
a>\, such that forh>0 
lim sup A,/A, < A(a)D’ — 2alog(hD’)-D’ = L(a;h, D’). 


When D =0, the expression L(a;h, D’) must be taken to be zero. 
For A(a) we can choose the following function: 


A(a) = A + log (a? — 1)/a*] + log [(a + 1)(a — 1))/a}. 
By taking, for example, a=3/2 we have: 2a=3 and A(a)<38.5. 
Thus, in particular: 
lim sup A,/A, < [8.5 — 3log(hAD)]D’. 
If m is a positive integer and p is fixed, we set p,=A,.,(n21) and 
write: 
P= Pop = Min (Mn+ — Pn), (Po = 9), 
where N=NAap,), a>1 being fixed and NAx) being the number of p, 
less than x. In other words, for x>A,,, we have N{(x)=N(x)—p, and 


for x<A,4, we have N{x)=0. 
We denote by {M,} the sequence associated to {p,} and set 


On = AyBys 
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where in a simplified notation with p,=p: 


An =| [ji-‘S 
qa<N 
q#m 
2 
Bn ao 1 a 
q>Nt+1 Ha 


Now 


ip omen 


le + Gt — p/P 


+ 


2 
well (Pr 
k<Nom i: + kp 


Since the function 1—[yu/(u+xp)]? increases for x>—yp/p, if we bear 
in mind that —p/p<1—m, we see that 


log An > flow [(ul(u + px)? = 1) de 
+ [0 "tos tt — (uu + px)"] dx 
= [toe flsl2e + pxdl(u + px)" dx 


p(N — m) 
> pf log Ulellw + Dl at 
2 (N — 1)log p — log (u + (N — m)p)] 


o(N —m) 
tipo} [ log (t\/1) dt. 


(1 —m) 


As Np=N,,(ap)p <ap, we have |t|<ap for |t|<pN. Also 


ag 1 ay Pad Z (N ne 
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which allows us to write (taking account of the inequality Np <ay): 


pN 
log An > 2p? { log (t/a) dt 
0 
+ (N — 1) loga — N(N — m)pp-? 
pD(an) 
> Zapp? I log t dr 
0 
+ (N — 1)loga — a(N — m) 
= [2 log { p9(ay)} 
— (2+ a-— loga)]N + ma — loga, 
where 9(x) is the density function of {y,}. 
On the other hand, when we integrate by parts, we find 


log B, > [ log (1 — p?/x?) dN,,(x) 
au 


S 


2 are dx 


= —log (1 — a~2)Nq(ap) — 2p? { 
au x 


for from D’<oo we have N,,(x) = O(x) (x — 00) (evidently the sequences 
{u,} and A have the same upper density D’) and 


lim log (1 — p?/x?)N,,(x) = 0. 
Consequently 


dx 
x2 — pe 


log B, > —log (1 — a-2)N — 2p29"(az) (a 
= —log(1 — a~*)N + p9'(ay) log [(a — 1)/@ + 1), 
where 
9'(x) = sup 90). 
log O,, > [2 log (p9(az)) — (2 + a — log a)|N 
— log (1 — a~?)N + pO (ap) log [(a — 1)/(a + 1]. 
Now the following relations are obvious: 


lim log (An+p/Mz)/bn = 6, = Pm,p = h; lim 9°(x) = D 
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and if D'>0, no matter what «>0 is taken, we have n/u,<(1+e)D for 
sufficiently large n; hence pn/u,(1+«)p<pD  e~'<e~}; and since x log x 
decreases in JO, e~*]:° 


[on/pn(1 + e)ellog[pn/pp(1 + e)e] > (hD'/e) log (AD /e). 
Therefore it is enough to let p tend to infinity to see that for every 5>0: 
lim sup J,/A, < L(a;h, D’) + 6. 
The statement of proposition I.1.1 follows from this. The case D’'=0 
is easier to derive, starting out from the inequality above for log Q,. 
The next proposition gives another property of a sequence with finite 
upper density, which is useful in what follows. 
THEOREM I.1.2. Suppose that D’ <0 and set for r>0: 


A) = 11 (1 +5): 


This product converges uniformly on every compact set in [0, cof, and 


lim sup 108 ou = aD", 


The uniform convergence of the product is a consequence of the fact 
that A, >kn with k>0. 
For r>0 we have: 


2 (oo) 2 
log A,(r) = Slog (1 + 7) a [ log (1 " =) AN(x), 


and integration by parts yields 


° D(x) dx, 


= ye 
log A,(r) = 2r cog a 


the terms that are not under the integral sign disappear on integrating 
by parts, because on the one hand N(0)=0, and on the other hand 
lim N(x) log (1 +r?/x?)=0, since D’ < oo. 

Integrating by parts a second time we obtain: 


ae 1 
log A,(r) = —2r? | xD(x) d( =a): 
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This enables us to write for x>0: 


log Air = 22 ie yO) da : =a) 
is 1 
2r i yD(y) d or . =a) 
= 2 max D(y)x8/r(x? + r?) + sup D(y); 
<y<x Y2x 


and since lim sup, >; D(y)=D’, we obtain the required inequality. 


1.2. General properties of convergence 


Let A be a sequence with strictly increasing positive terms tending to 
infinity, and A={a,} a sequence of complex numbers. 
The series 


(1.1) Dae n, 


where s=o+it (o and t¢ being real), is called a Dirichlet series. For given 
sequences A and A={a,} we denote the series (I.1) by (A, A). 
If in a Taylor series (with a)=0) 


(1.2) pare 


we set z=e~‘, then the series becomes a Dirichlet series 


(1.3) > 6.8" 


which we call a Taylor-D series. Here 4, =n (n> 1). 
Another example of a Dirichlet series is 


(1.4) =5 _ > e~ “log n)s 


which represents the Riemann Zeta-function &(s), a function that plays 
a principal role in the theory of the distribution of prime numbers. 

Let us recall that a Taylor series has a radius of convergence R, which 
may be zero, infinity, or a finite positive number. In the first case the series 
converges for z=0 only; if 0<R<o, the series converges for |z|<R, 
and does not converge for any value z with |z|>R. The disk |z|< R and 
the circle |z|=R are, respectively, the disk and the circle of convergence 
of the series. 
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In any case R is given by the formula 
R-* = lim sup |a,|. 


Moreover, it is known that the series converges uniformly on every com- 
pact subset of the disk of convergence; in the disk it converges absolutely. 

Since the transformation z=e~* gives o= —log |z|, t= —arg z, we see 
that when z varies on a curve L in the interior of the disk |z|<a, then s 
varies on a curve L’=—log L situated in the half-plane o> —loga. (If 
we associate with a point Z) of L the point sp=o9+ity with O<t)<2z, 
then the curve L’ is well-defined, for we agree to let s vary continuously 
when z varies on L.) 

The series (I.3) then converges absolutely as long as 


(aye a = hareus oma th 


(if o,<0co), and does not converge for o<o, (provided that —0o<a,). 
The series also converges uniformly on every compact set of the half- 
plane (1.5). The series (1.3) does not converge anywhere if o,=00. 

What we have just said concerning the series (1.3) cannot be trans- 
ferred directly to every Dirichlet series simply by replacing n by A,. From 
the point of view of convergence, the essential difference lies in this: that 
different half-planes of convergence do not coincide. 

We begin with the following theorem: 


THEOREM I.2.1. If > a, e~*80 (Sg=op+ito) converges, then the series 
(A, A) converges uniformly on every closed angle given by 
larg (s — 50)| < y < 2/2. 


We set s=5o+5’, s’=0'+it', o’ >0, |arg s’|<y, and we write 


> a, e~*nSo = An(So) = An, 


nm 
>, Gn eno = S = lim A,. 
We have 


o>0, |f|/o’ <tany = M<o, 
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For s=S9+5’ and g>p>2 we have: 


Ayn @7 Ans = > An C7 An80 G~ Ans" 
psngq pxn<gq 


(A, a An-1) ie 


p<n<q 


> 4. — S)— (A, — Sem" 


p<n<q 


> U4n — 8) - (Aya — Sy em" 


pPSn<q 


> (A, — S)(e7*a8 — e7An+i®’) 


p<n<q-1 


+ (A, — S) e740" — (A,_1 — S) eno", 
Given e>0 we choose p so that |A,—S|<e for n>p—1; then we have: 


(1.6) ey 4, 678 < eS |A, — S|-|e7*n* — e-*n+18"| 
pesns@ p<n<q-1 
+ |A, — Slee” + |A,_1 — S| en" 


Se Ds Je7Ans” — e7an+1"'| + 2e, 
p<n<q-1 


lI 


Now 


en Ans’ — em Ansi"| = |s"| 


An An 
‘ * gus du| < lf * eo du 
An An 
eas Is‘ -A,0° A. o’ 
Tay (e ern+17’) 
< (M + 1)(e7*” — ern+1°’), 
and it follows from (1.6) that 


e7 ns 


< 2e + eM + 1) (e7*n% — ern+1°’) 


p<ngq-1 


psn<q 


< «(3 + M), 


which proves the theorem. 
Here is an immediate corollary to the preceding theorem. 


THEOREM I.2.2. If > a, e~*»80 (Sg=oo+ito) converges, then the series 
> a, e~*»® converges at every point s=o+it with o>0oo, and converges 
uniformly on every compact set contained in the half-plane o> oo. 
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If we replace the series (A, A) by 
a7) =X lan] e-**", 
Theorem I.2.2 permits us to assert 


TueoreM I.2.3. If the series (A, A) converges absolutely for s=S9=99+ ito, 
it also converges absolutely for s=oa+it with o> oo. 
Consequently, 


THEOREM I.2.4. If (A, A) converges at any point of the plane, two cases 
are possible: (1) (A, A) converges for every value of s, (2) there exists a 
number o, (—0©<o,<0) such that (A, A) converges for every s with 
a>a, and does not converge for any s with o<o,. 

If (A, A) converges absolutely at any point of the plane, two cases are 
possible: (1) (A, A) converges absolutely in the whole plane, (2) there 
exists a number og (—©<o,<) such that (A, A) converges absolutely 
for o>, and (A, A) does not converge absolutely for any point of the half- 
plane o<o,. 

If (A, A) does not converge at any point, we write o,=00. 

If (A, A) does not converge absolutely at any point, we write o,=00. 

If (A, A) converges at every point, we write o,=—oo, and if it con- 
verges absolutely at every point, we write o, = —0o. 

The quantities o, and o, are called, respectively, the abscissa of con- 
vergence and abscissa of absolute convergence of the series (A, A), and the 
straight lines o=o, and o=o, are, respectively, the axis of convergence 
and the axis of absolute convergence of (A, A). Evidently o,>0,. For a 
Taylor-D series (A,=n) we have o,=o,, but this is not true in general. 
It is known, for example, that the series 

S(t = (1 eee 
converges for o>0 and does not converge for o<0. By contrast, the 
series > n~* converges for o>1 and does not converge for o<1. For the 
series > (—1)"n-* we have o,=0, o,=1. 

Furthermore, a Dirichlet series may converge in the entire plane and 
not converge absolutely anywhere. Here is an example. 

We set a,=(—1)"n~?, A,=(log log n)"/? (n>3). For k>0 we have the 
following relations: 

lim a, e’* = 0 


|a,| ern® < |a,_i| e»-2" (n > n,). 
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The first relation is evident, the second can be written in the form 


—log (1 - ‘) > k [(log log n)*/? — (log log (n — 1))"?] 


(n > nx) 
(this follows from log ((n—1)/n) ~ —n7-? and the relation 


(log log n)*? — (log log (1 — 1))/2~ (2n log n(log log n)¥?)~2), 


Hence the series > a, e~*»* converges for every k, and this proves that 
O,= —00. 

On the other hand, it is obvious that > n-1 e~“°¢ em"? & diverges for 
every k, hence o,=00. 

Note that in our two examples 


Qn, =logn, A, = (log log n)"?) 


we have D'=oo. But the following elementary proposition holds: 
THEOREM I.2.5. If D’ <0o, then 


0, = 9, = lim sup ety 
n 
Suppose that n/A,<L~1<0o (n>1) and suppose, to begin with, that 
lim sup (log |a,|/A,)=a<oo. If b>a, we have for n>m: |a,|<e*»” and 
for o>b: 


lan| em Ant < ernd - 0) < elkb-o)n 


Consequently > |a,| e~*»*<0oo for o>a. On the other hand, if 
—0o<a<oo and —w<o<b<a, then.we have for infinitely many 
n: |a,|>e%” and |a,| e~*»">e%*°-%>1 (n>1); hence the series (A, A) 
does not converge for «<a. This proves the proposition. 

In the proposition we have just proved the condition D’<oo can be 
replaced by the rather less restrictive condition: lim log n/A,=0. This 
result (which is due to Valiron) will not be proved here. 

But we prove the following theorem: 


THEOREM I.2.6. For every Dirichlet series 


logn 
An 


0, — o < limsup 
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We denote by b the value of the expression on the right. We have to 
show that for every «>0 
(1.8) igebe ee 2 reo, 
From the convergence of (A, A) for s=o,+e/2 it follows that 
Dula@che tet Uae <6 
and 


lan| e7An@_ +b +e) < A e7~An 8/2). 


but for n>n,: logn/A,<b+e/4, which proves that the general term of 
(1.8) for n>n, is smaller than An~©t#/2/©+¢/4), and so the theorem is 
proved. 

Finally, here is a theorem which gives the abscissae of convergence 
for an arbitrary sequence A: 


THEOREM I.2.7. We set 


a = lim sup (loz 


Po On [n). 


If a<o, the series (A, A) converges for o>max (0, a), and if a>O, 
then o,=4. 
We set 


b = lim sup (log |an|) An 


If b<oo, then the series (A, A) converges absolutely for o>max (0, b), 
and if b>0, we have o,=b. 

The part of the theorem concerning absolute convergence is an im- 
mediate consequence of the first part if in (A, 4) we replace a, by |a,|. 

We set A,=>m<n 4m. For e>0 and n>n, we have 


log |An|/A, < a + e/2 
if a> —oo, and log |A,|/A, <e/2 if a= —oo. Hence 


(1.9) |An| < e+, or |A,| < en (if g = —0), 
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We set a’=max (0, a). Then for g>p>2 we have: 


An C7 n'a’ te) = > (A, — A,-3) e7 dn + 
p<n<q pxn<q 


oe A, (ea +2) me ease FO) 
p<n<q-1 


=f A, ee ® == Ang eae ee) 
From (1.9) it follows that for p>1+n, 


< > ernie’ + 6/2) 


p<n<q-1 


ager A,@’ +8) 


p<nxq 
x (qm~ rae’ +e) e7An+10a’ +8)) 
#b ere +6/2) ea rq +6) 


ae ern — 1 (a’ + €/2) e- Ap(a’ + €) 


< > ern’ +6/2(q! 4 @) 


p<n<q-1 


Mn+ 5 
x e7 ua +8) dy 


An 


+ emAg(l2) 4. g-Aplel2) 
Ng 
< (a’ 4 | e~ ulel2) du 
Ap 
4 em~Agiel2) 4. Q-Aplel2) 


This last expression tends to zero as p tends to infinity. Hence the series 
(A, A) converges for s=a’+e, consequently o,<a’. 

We are now going to show that if (A, A) converges for s=o)>0, then 
a<op. From this it follows that if a>0, then also a<o,. This fact, together 
with the inequality o,<a’, which we have already proved, yields the 
theorem. 

We can write 


Ay = a, 
men 


= An(oo)(ern"0 — e'm-+1%0) 


<m<n-1 


+ A, (09) e470 + a, e*170(e%170 — €270), 


bo 
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(An(0o)=Dnem 4n @7>n%). If Sa, e7*»%0 converges, then there exists a 
constant M such that |A,(o0)|< M (n> 1), and 


|A,| < a 25 (e%m +170 = ero) + en] 


m<n<l 
= M(2 e'n%0 — e170) < 2Meno, 
which gives 
a = lim sup log |A,|/An < 0. 


The following theorem is an immediate corollary to Theorem 1.2.7. 


THEOREM I.2.8. If > a, e~*»%0 does not converge, then 


>, Ime?" [%n)- 


n<gm 


o, = 0) + lim sup (log 


If > |a,| e~*2°0=00, then 


Og = o + lim sup (loz |an| eters) 


We ought to remark that in Theorem I.2.7 the condition a>0 (as well 
as the condition b>0) is essential. In fact, suppose that the series (1.2) 
represents a function f(z) holomorphic in |z|<R, with R,>1 and such 
that f(1) 40. The series 


ol2) = Ste) = 2 At” (de = Da) 


n<m 


has radius of convergence 1, for z=1 is a singular point of ¢(z), and 
consequently 


lim sup (log |A,|/n) = 0, 


however, for the series (I.3) we have o, < —log R, <0. 


1.3. The calculus of coefficients and some important combinations 
of coefficients 


First we are going to extend to Dirichlet series the classical Cauchy 
formula for the coefficients of a Taylor series. We assume that o,<©, 
although this condition is not essential. But we do not have to use the 
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most general cases when the formulae which we establish here subject to 
this restrictive condition are still valid. 


THEOREM 1.3.1. If 0,<00, and if f(s) denotes the sum of (A, A) for o> oo, 
then 


T 
ajeme = lima | flor + it) et dt (n> 2), 
to 


where ty is arbitrary and o, is an arbitrary real number with o, <0. 
We have for s=o, +it: 


z{ foe a=4 fs (A. Aw dt 
T * ry i 0 An e ee 


] T 


T to (2s. 


T 
a = ( 3 Am eAan= =) dt. 
to \m>n+1 


Since for a real number k with k40: 


Pe 
an ee) dt + 7 | a, at 
to 


1 rT 
lim — ei tid dy = 0, 
to 
and since the series under the integral signs converge uniformly with 
respect to t, t€ ]—, oo[, we see that 


1 T 
lim = a ee Oe dt =0 
P to fae = 
T 


eee 


( In ates dt = 0. 
T to \m2>n+1 


Consequently, 
1? pote cf 
lim “if S(s) e*8 dt = lim + h Ay dt == Any 
which corresponds to the statement of the theorem. 


Strictly speaking, we see that in the theorem just proved we can re- 
place o, by o,, the abscissa of uniform convergence of (A, 4), that is, 
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the greatest lower bound of the quantities o’ such that (A, A) converges 
uniformly in every half-plane o>o’+e, where e>0 is arbitrary. For in 
the proof we have only used the uniform convergence of the series. Now 
we need the following lemma: 


1.3.2. For c>0, k a positive integer, and w real, we have: 


wen} 
emte +it) 2 >0 
(c + opie at! a 
= 0 (w < 0) 


Suppose first that w>0. For T>0, o,<0 we denote by 1,(+T, o;) the 
intervals (o,;<o0<c,t=+T) and by JI,(7,o,) and /,(T) the intervals 
(c=0,, |t| <7) and (c=c, |t|<T). Let R(Z, 01) be the rectangle formed 
by these four intervals. By the residue theorem we have 


] e%s aw -1 
ds 


Iai Tee ee 
But since for fixed o the integrals extended over /,(T, 01) and /,(—T, o;) 
tend to zero, we see that 


ere +it) ey + it) w* -1 


(c + tot ie H (o, + CRE ys side | tae Vg 


And since the second integral in this equality tends to zero as o, tends 
to —oo, the lemma is proved for w>0. For w<0 the proof is similar. This 
time R(T, o,) must be replaced by the contour R’(7, o2) with o.>c, com- 
posed of the intervals: 


(+7, G2) = (c go < Oo, t = +F); I(T, G2) 
= (c = 02, \t| < Tr); I(T). 


The integral written above, but this time extended over the contour 
R'(T, 2) (instead of R(T, o,)) is zero, because the integrand is holomor- 
phic in the interior and on R‘(T, o,), and if we first let T tend to +00 
and then o, to +00, we obtain the required result. 

The following theorem will be very useful later on. 
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nein 1.3.3. Suppose that o,<0o. If v>0 and if k is a positive integer, 
we have 


ll 


=A k-1 
{K.— 1)! (fle + i) evet™ fae Ja 
Qn a etd 


= 0 for v < Ai, 


where c>max (04, 0) and f(s) is the sum of (A, A). 
For v> dA, and s=c+it we have 


f(s) evs a, eo" ~Ans a, Ee ~ Ans 
e; i's = = dt + yeaa * 2 dt 


From I.3.2 and the uniform convergence of the series under the last 
integral sign we see that this integral is zero. The same Lemma I.3.2. allows 
us to write: 


(kK — 1)! {2 Powe G7)! Ss ‘ eS ‘ 
. s* An<¥ ? 


2a s® 


= > av - ry 


An<v 


If »<A,, the integral is zero. In this theorem we can likewise replace 
o, by oy. 

We end this chapter with an elementary inequality, which generalizes 
the Cauchy inequality for the Taylor coefficients. 


THEOREM I.3.4. Let o,>0,,t) be any real number and M= 
sup:>t, |f(o1 + it)|, where f(s) is the sum of (A, A). Then for n21: 


(1.10) = |a,| < Me. 


This follows immediately from I.3.1. 


NOTES 


1 Unless the contrary is stated, the first index of a sequence 4={A,} is always 1 and 
not 0; when the index or the variable i in lim sup, lim inf, or lim tends to +09, this is 
not stated explicitly. Also lim sup; Pn is written lim sup pp. 

2 E[a] denotes the integral part of a. 

3 We recall that hD' <1. 


CHAPTER II 


INEQUALITIES CONCERNING THE COEFFICIENTS 


II.1. Inequalities corresponding to the 
arithmetic character of the exponents 


Suppose that o, <0, and let T(c) be an arbitrary function with T(c)> —oo 
for o>0o,. We write 9, for the set of points s=o+it with o>o,, t>T(o). 
If f(s) is the sum of (A, A) for o>0,, we set 


M = sup |f(s)|; 
sEeDrp 
obviously 
la,| < M, 


for (1.10) holds by 1.3.4, for every o,>0. 

We are now going to show that if a member A,, of the sequence A ‘is 
distinguished’ by an arithmetic property from the other members of the 
sequence — this distinguishing feature could express itself, for example, 
in the form of the difference A,—A,, for all positive integers m with m4#k 
— then it suffices that the analytic continuation f(s) of (A, A) should be 
bounded by M in a domain 9 whose properties depend on the arithmetical 
character of X,,, to be able to state that |a,|< BM, where B is a numerical 
constant independent of A and of k. This constant depends only on the 
arithmetical character of k. No inequality of this form is to be valid if 
we abandon this assumption that ,, is ‘distinguished’. (In other words, 
the inequality becomes false no matter what value is chosen for B.) If 
A, is an integer, then the value of min (A,—A,~1, Ax41—A,) plays the 
same role as the arithmetical character of the difference A;,—An, (m#k). 

_ We begin with some definitions. 

In the plane of the complex variable z=x+iy=re’ (r=|z|) we use the 
name starred curve, which we denote by a capital letter with an asterisk, 
for example I*, for any closed Jordan curve that is symmetric with respect 
to the real axis, passes through the point z=1, and is given by a con- 
tinuous function r=¢() (4 € [0, 27], p(0)=9(27)) ¢(0)>0, where o has a 
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continuous derivative in the neighbourhood of 6=0, subject to the con- 
dition 
lim Ce eae C. 
aoa 
and where c is a finite quantity. 
We denote by D(I*) the domain bounded by I*. 


We say that a starred curve G* ‘shelters’ the starred curve I* if for every 
zeI™*,z#41, we have ze D(G*) and if by writing for z € G* 


meee es 


we have c,>c. 

Let D(z) be a function holomorphic on the closed disk |z| <1, real for 
real z, with ®(1)=1, ®'(1)>—1, D(z) 40 for |z|<1. Such a function is 
said to be attached to a starred curve I* if for |z| < 1 we have z®(z) € D(I*). 
Let A>0; an integer m>0 is called )-suitable for the function © if by writ- 
ing 

(ILI) = (D(z) = dy + Day 2, 


we have d@40. Two numbers A>0 and X’>0 are said to be distinct 
modulo 1 relative to ® if for no pair m>0, m’>0 of A- and 2’-suitable 
numbers for ®, respectively, we can have the relation 


A-— A =m —-m. 


If 4 is any (open) domain containing the origin, we write “A for the 
domain of the plane of s=oc+it that consists of all the points for which 
e-*e/A, Thus, #D(I*) is the set of all points of the s-plane such that 
the points z=e~* form a domain whose boundary is I’*. 

We denote the half-plane o>o’ by P,.. 

Let D be a domain of the s-plane containing a half-plane P,, whose 
boundary is a curve defined by a continuous function o=o(t) 
(t € ]—c, oof, s=o+it). 

If A(s) is a function holomorphic in P,,, we say that it has a direct 
analytic continuation into D starting from P,, if CP,, 1 D9 and if there 
exists a holomorphic function in D that is equal to F(s) in P,. We denote 
this analytic continuation into D (and only the direct one) by the same 
letter F. 
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We can now state the following general theorem; its character will be 
easier to grasp by the special cases which we state below. 


THEOREM II.1.1. Let G* be a starred curve, I* a starred curve sheltered 
by G* and © the function attached to I'*. 

If (A, A) has an abscissa of absolute convergence o,< © and if its sum 
f(s) has a direct analytic continuation starting from P,., where o'> oq, 
into £ D(G*), then there exists a constant H depending only on G* and on 
®, such that for every ,¢ A that is distinct modulo 1 relative to ® from 
all the other ,, we have 


(11.2) ja] << H sup |f(s)| inf (\dQ°|VA, + m)71. 
seLD(G*) 


Here the d® are defined in (II.1). 

A particular choice of a curve I on one hand and the function ® 
attached to it on the other (a choice that permits us to make the proper- 
ties demanded of the ‘distinguished’ exponent A, more precise) leads from 
Theorem II.1.1 to the following theorems, which can be regarded as par- 
ticular cases. 


THEOREM II.1.2. To every starred curve G* sheltering \z|=1 there corres- 
ponds a constant B depending only on G* such that if o,< 00 and if the func- 
tion f(s) defined by (A, A) has a direct analytic continuation starting from 
P,, where o' >0,, into £ D(G*) the following inequality holds for every k: 


(1.3) || < B sup [f(s)|Az2?. 
se L£D(G*) 


THEOREM II.1.3. Suppose that a starred curve G* shelters the (starred) 
curve defined by r=cos (6/3) (|8| <7). Suppose also that o,<© and that 
f(s) defined by (A, A) has a direct analytic continuation starting from P,., 
where o' >0,, into £ D(G*). 

Then there exists a constant B, depending only on G* such that the 
inequality 

(114) = |a,| < B, sup |f(s)| 


seLD(G*) 


is valid for every , for which d,—A,, is not an integer for any n#k. 


THEOREM IT.1.4. If A, is an integer and if in the statement of Theorem 
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II.1.3 the condition concerning ,, is replaced by the following: every integral 
An (n#k) satisfies one of the following two conditions Xn > 2x, Nie > 2Ans 
while the other conditions of Theorem I1.1.3 are preserved, then the inequality 
(11.4) also holds. 


It is clear that if in I1.1.4 all the A, are integers, we can write 
F(z)= > a,z*», and with the assumption concerning A, on the one hand 
and the direct analytic continuation of F(z) into D(G*) on the other hand, 
we can put the conclusion into the form 


<B 
la] < Bi sup, |F()| 


THEOREM II.1.5. The conclusions of Theorems 11.1.3 and 11.1.4 remain 
valid if we replace G* by a starred curve Gi which shelters the starred curve 
I™* consisting of the arc r=cos (6/2), |@|<7/2, and of its symmetric image 
in the y-axis; here the condition bearing on i, in Theorem 11.1.3 is to be 
replaced by the condition that r,,—, for n#k is not an even integer; the 
condition in Theorem 11.1.4 bearing on A, has to be replaced by the follow- 
ing condition: if 2, is an integer, then every integral 4, (n#k) for which 
An— Ans is even satisfies one of the two conditions Ay > 3Ay, Ax > 3An- 

To establish Theorem II.1.1 we have, first of all, to prove the follow- 
ing lemma: 


11.1.6. Let '*, G*, and ® be defined as in Theorem 11.1.1, let C, («>0) be 
the curve in the plane of z=re® defined by r=e*, |0|<z. For sufficiently 
small « the image of C, under z®(z) is situated on D(G*). 

(According to the notation introduced above, D(G*) denotes the com- 
pact domain bounded by G*.) 

We set ©,(z)=z®(z). Since O,(1)=1, 0111) =1+ G'(1)>0, there exists 
a disk with centre at z=1 in which ©,(z) is a single-valued function; let 
U, be such a disk. There also exists a disk with centre at €=1 in which the 
inverse function ®71(£) of ©, (G-1(G(z)) =z) is single-valued; let U2 be 
such a disk. We set £=£+in=pe'’ and denote by Q, the image of C, 
under ®,. With every «> 0 we can associate an e=e(a) >Oanday=y(a)>0, 
sufficiently smail for the following conditions to hold: on the one hand, 
the part of QO, which is the image (under ®,) of the arc of C, corresponding 
to 0<@<z, is a simple Jordan arc Y which links the point £=1 to a point 
in the half-plane 7>0(¢=¢+in), without passing through the real axis; 
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on the other hand, the ray from the origin (€=0) making the angle y 
with the axis 7 =O cuts Y in a single point p. The curve composed of the 
part of this ray between the origin and p, the arc Y and the interval 
0<é<1 on the real axis then determines a simply-connected domain D. 
In addition, we can choose e(«) and y(«) so that e(«)=«(0) and y(«)=y(0) 
(this is possible — it suffices to take y(«) sufficiently small) and such that 
the domain between the arcs Q) and Q, beginning at =1 and ending 
on the ray (through the origin) making with 7=0 the angle y(0)=y(«) 
should be contained in U. We can also choose e(«)=e(0) small enough 
for the corresponding arcs of Cy (which is an arc of |z|=1) and of C, 
to be contained in U,. For a given a, having made the choice of the corres- 
ponding quantities « and y we refer to the resulting domain D as the 
‘domain D,’. The image of D, under 71 is denoted by Dz*. The bound- 
ary of Dz? is evidently a simple closed Jordan curve. 

If « is sufficiently small, we can choose the domain D, in such a way 
that when we write R, for the part of Q, that is part of the boundary of 
D, we have R,< D(G*). 

This comes from the following arguments. If L is a curve in the ¢-plane 
passing through ¢=1 that can be represented in a neighbourhood of this 
point by p=p(y) (polar coordinates: a single p for sufficiently small |y|) 
and such that the (finite) limit 


exists, we denote this limit by c(L). The fact that R,< D(G*) for suffi- 
ciently small a is due to the following inequality, which is valid for 
sufficiently small «: 


c(R,) < c(G*). 
For if we set 


dlog ,(z) _ : 
tne’ dinnetl A(z) + iB(z), 
then we have: 


lim A(e****#) = 1 + (1) = A> 0 


92 + 10 
lim SC) = 2) = *4) = 4’(1), 
2z=1 


0-0 dé dy A Ox bra 
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where A(x) is the restriction of A(z) to the real axis. Writing A’(1)=A, 
we easily see that 
am=-4-% qje#odud 

and by definition: c(G*) > c(I"*). Thus, it is sufficient that «>0 should be 
small enough for us to have c(R,)<c(G*). And so with a suitable choice 
of a we have ®,(D,)< D(G*). If « is sufficiently small, the image under 
®, of that part of D(C,) which is in the exterior of D, and its image in 
the real axis is certainly contained in D(G*). But the same holds for the 
image under ©, of the part of D(C,) that is contained in D, (and its 
image in the real axis). Therefore, there exists an «>0 such that the image 
of D(C,) under ®, is in D(G*). And this demonstrates the lemma. 

Now we proceed to the proof of Theorem II.1.1. According to the 
conditions of the theorem, the function D(z) does not vanish in the disk 
|z| <1 (see the definition of a function attached to a curve I*); it is holo- 
morphic on |z| <1. It may have a finite number of zeros on |z|=1, say, 
Byron hy 

We choose «>0 sufficiently small so that: 

(1) ®,[D(C,)]< D(G*) (©,(z)=z(z)), which is possible by virtue of 
the lemma we have just proved; 

(2) ®(z) has no zeros on the disk |z|<e*” other than the points z, 
(FSU QV PR): 

We write L; (j=1, 2,...,k) for the ray through the origin passing 
through the point z;, and S; for the segment of L,; between z, and C,. 
We denote by @, the curve composed of C, and of the k segments Sj. 
Finally, we denote by 4, the compact set bounded by @,. 

We set 


Ys) = f[—log P,(e~*)], 


where log ©,(e~°) is real for o>0. The function (s) is holomorphic on 
LA,, and we have 


sup |M%s)| < sup |f®| = /. 
séeLD(G*) 


seLAy 


In fact, we have 4,<¢ D(G*), and ®,(z) has no zeros in 4, other than a 
simple zero at the origin. 
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We set 
P(z) aes do ae »3 Gare 


(that is, d, =d@ according to (II.1)). 
We see that for sufficiently small r>0 


> lanl > |dnlr™)"" < 00, 
which enables us to write for sufficiently large co: 


P(s) = 5 a, e~=*(> dy, e~™)*s 


ps 2 Ae 63 da») e~mtA,)s — 2 ie e7 #23, 


where the yz, are of the form m+,, /, being the sum extended over all 
the terms a,d0” for which p»>=m+A,. 
For every p>1 and sufficiently large o, we can write: 


T 
ig ttn | Wo, + it) ete * dp, 
T Jo 


Now let p be such that amu, > 1, and let C,,, denote the curve composed 
of the arc o=p,+—at?, O<t<za, and the segments S,,, which are the 
parts of the segments —log S; (se —log S;=e7* € S,) contained between 
this arc and the line o=0 (these segments are evidently parallel to the 
real axis t=0), where the ordinates of these segments belong to ]0, z]. 
In other words, the segments S;,, which we consider are all of the form 


t=, Hp) —- at? <a <0, O0<t,<7 
with @(e-%) = 0. 


If we denote by Cy,» the union of m curves of which one is the union 
Cy,p Of Cy,» With its symmetric image in the line t=, while the m—1 
others are those that we obtain from C;,, by the successive translations 
S+2nmi (n=1, 2,...,m—1), we see by an evident application of Cauchy’s 
theorem that 


a TE 1 s 
ly = lim = nee P(s) ets? ds, 
where the integral is taken (for every m) along the segments of Cy,».m 
that are parallel to the real axis in both senses. (Incidentally, ¥(s) does 
not have the same value when we approach such a segment with in- 
creasing or with decreasing t, because ®(e- i) =0.) 
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Since |¥%(s)| <M on Cy,»,.m, We can write: 


M ¥ at? — Up 
Fo ed Ht p(y — 1 — at?) a 
lp] < : [| eit pies [ e we da. 


It follows that 


M 2 an? — yt 
nl <= [foe ass mane? de + ke | > ent dol: 


But we can write for 0<@<1 (and amu, >1): 


- wz 2 
Pa 2 4 2 “ 2 
erred = en ah yt + e~ "dt 
) 0) uz 12 


1 nt 
me a cy ets? ¢ dt 
Lo us 12 


1 p3i2 n2 
= ae D e~ Hp d 
ue 2 Tie 
1 ¢ A 
= —75 + sap (e* — 07) < Sp 
BP Da sae 


where A is a finite constant. Starting from the obvious inequality |/,| <M 
for am?4,<1 we also have: 


M 


lis MS a ae 


All in all, no matter what p is, we have 
[| < KM; 2, 


But, if A, is distinct modulo 1 relative to ® from all the other A, 
(n#k), and if p,=A,+m with d®»+40, there exists no other couple 
d,, m' (n#k) such that p,=A, +m’, dQ” 40. Consequently, according to 
the definition of », and /, we have: 


p=A, tm, 1, = adn”, 
and the inequality we have demonstrated for /, gives 
lay] |dm® | < KaMA, + m)~*”, 


The conclusion of the theorem is now an immediate consequence. 
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Next we show that Theorem II.1.2 is a particular case of Theorem 
II.1.1. The starred curve I'* of Theorem II.1.2 is the circle |z|=1, the 
function ®(z) attached to this curve I’* is the constant 1; and no matter 
what A>0 is, only the integer m=0 is -suitable for ®. Hence A, and An 
are distinct modulo 1 for all m and n relative to ® (that is, they are simply 
distinct, A being a strictly increasing sequence). So the inequality (II.2), 
with the conditions of Theorem II.1.2, becomes (II.3). 

Now we make the passage from Theorem II.1.1 to Theorems II.1.3 
and II.1.4. The (starred) curve in these statements which is sheltered by 
G* is the curve I’* corresponding to the statement of Theorem II.1.1; 
it is the exterior contour of the image of |z|=1 under z®(z)=z(1+z)/2. 
As long as A>0 is not an integer, every integer m>0 is A-suitable for ®. 
And if A is an integer, then m is A-suitable for ® whenever O0<m<A. The 
inequality (II.1) can also be written: 


lax] < A sup. |f(9)| inf (\dg?| V2, +m) 
< AT Reo ae FON decrsian] VA + E(A,/2))~* 


where, as before, E(a) denotes the integral part of a. A simple estimate of 
di} /2) yields the required result. 

In Theorem II.1.5 the starred curve I* is the exterior contour of the 
image of the circle |z|=1 under z®(z)=z(1+2z?)/2. The passage from 
Theorem II.1.1 to Theorem II.1.5 starts from this point and follows the 
arguments used in the passage from Theorem II.1.1 to Theorems II.1.3 
and II.1.4. 

We remark that the conclusion of Theorem II.1.1 is not valid if no 
condition is imposed on the nature of A, (for a given k). Thus, the func- 
tion f(s)=> (—1)"ne~"§ is bounded in a domain #D(G*), where G* 
corresponds to the statement II.1.3, but |a,|= is not bounded indepen- 
dently of k. In fact, one can even take for a, the quantity (—1)*g(k), 
where g(z) is an entire function of minimum type (of exponential type 
zero), g(z) having positive Taylor coefficients; for g(m)=|a,| tends to 
infinity more rapidly than any power of n, and yet one knows that the 
function F(z)=> g(n)z" only has z=1 as singular point, that is, the func- 
tion 


ls) c= (oad BC) eo 
is bounded in an #D(G*), where G* corresponds to the statement II.1.3. 
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11.2. A general inequality for the coefficients 
corresponding to finite upper density 
of the exponents 


In what follows we assume that the upper density D’ of the sequence A 
is finite. From 1.2.5 we know that o,=0,=lim sup (log |a,|/A,). We also 
assume that the last quantity is not +00, so that o,=0,<0o. As before, 
we denote by f(s) the sum of (A, A) for o>«,. 

We denote by C(so, R) the disk with centre at sp and radius R. Let L 
be a Jordan arc given by s=s(u), u € [a, B]. The union 


€(E; R): = U C(s, R) 


is called a channel of width 2R and with L as central line. The extreme 
disks of the channel are C(a, R) and C(8, R). Throughout we assume that 
the extreme disk C(8, R) lies in P,. We say that (A, A) has a direct analy- 
tical continuation into €(L; R) if there exists a holomorphic function in 
@(L; R) that is equal to (A, A) in C(B, R). We frequently omit the adjec- 
tive ‘direct’ when indicating this continuation. We also use the letter f, 
or frequently (A, A), to denote the continuation. 

We now establish the following general theorem, which plays a very 
important role in what follows: 


THEOREM II.2.1. Let D'<oo and suppose that o,<. If f(s), the sum of 
(A, A), has an analytic continuation in a channel €(L;7R) with R>D,, 
such that C(so, 7R) (Sp =o0+ ito) is one of the disks: 


C(S0, mR) = C(L; mR), 
then we have 
|an| < C(R)A,M(5o) ee, 


where C(R)<0o only depends* on R, where {A,} is the sequence associated 
with A, and where 


M(s0) = __ sup _ |f(s)].- 


sEC(s89,7R) 


We recall that D’ is the mean upper density of A. We set 


Adz)= 1 | (1 ~ =| (n > 1). 


m#n 
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Since D' <0o, we see immediately that this product converges uniformly 
on every compact set, so that A,(z) is an entire function whose zeros are 
only the points +A, (mn), and by I.1.2 we have 


log A,(ir) 
r 


(11.5) lim sup < 7D, 


because it is evident that the upper density and the mean upper density 
of the sequence obtained by removing from A a single term (or a finite 
number of terms) are the same as for A itself. 

It is clear that 


max [|A,(z)| = A,(é). 
lz|=r 


Hence the A,(z) is an entire function of exponential type not exceed- 
ing 7D’. 
We now set 
A,(z) = ¥ af2*”; 


we see that (—1)?a”>0 with of?=1. 
We introduce the operator &,(/) defined by 


(1.6) Sf) = Saye. 
This operator represents a holomorphic function in the channel 
€(L, 7(R—D’)), because for every «>0 with e<.R—D?' the series (II.6) 


converges uniformly (with respect to s) on every closed disk C(s, zr) with 
seL,0<r<R-—D'—«. It is easy to see first of all that we may argue under 


the assumption that f is holomorphic on C(L, 7R) (the closed channel). 
For every point s’ for which |s’—s|=a(R—D'—e), where se L, we can 
write (for every positive integer q): 


ie f(Q) a 
f%') = £4 oa sort 


the integral being taken over the circle with centre at s’ and of radius 
a(D' +e), which gives 


xe) < MO) 
ik CS are corse 


where M(s) is the maximum of |f| on C(s, 7R). 
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Since the type of A,(z) does not exceed 7D’, the series > a(2p)! 2-2” 
has radius of convergence R<zD (it converges at the exterior of the 
circle). Hence the series (II.6) converges by (II.7) uniformly on the disk 
C(s, 7(R— D'—=«)). The function F,(s)=G,[/(s)] is holomorphic in the 
channel €(L, 7(R— D'—«)), and on L we have: 

(IL8) | F,(s)| < > (—1)?a(2p)! @@R)-??- M(s) = A,(R)M(s). 

(It is enough to set in (II.7): D’+e=R.) But when we set (see I.1.2) 
Afr) = 2 (—1)?a,r**, 


we have (—1)?aS <(—1)?«,, and when we write 


C(R) = > (—1)?ap(2p)! @@R)-7?, 
we have A,(R) < C(R) <0 for R> D’. Hence 
(11.9) |F,(s)| < C(R)M(s). 


Note that by setting f,(s)=> |a,| e~*»* we have another inequality 
similar to (II.7), where f is replaced by f; and M(s) by M,(s), M, being 
defined like M but with f replaced by f,, where s is taken on that part of 
L for which C(s, 7R) © P,,. Without loss of generality we may assume that 
L contains part of the real axis. When we write F’,(s)=> (—1)?a®f??s), 
we see that for sufficiently large o ¢ L we have: 


F,(2) = & (—lPaffs??) 
ey ~ (—1)?a a d?? lam | e7>m?; 
Pp m 


and since all the terms of the double sum are positive, we can change the 
order of summation also in the series 
Fa(s) = af 2P(6) = Ea FMP ay 7a! 
mae v3 am e7 rms > ae ad = Zz OmAn(Am) gael, 
as long as s EL, with o sufficiently large. But since 4,(A,,)=0 for m#n, 
we finally obtain 
F,(s) = On An(An) e-ns = Arta, e~*, 


where {A,} is the sequence associated with A. The inequality (II.9) with 
S=Sp gives us the conclusion of the theorem. 
Here is an important immediate corollary to Theorem II.2.1. 
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11.2.2. Let D'<00, o,<0. If (A, A) has an analytic continuation in a 
channel ©(L;7R) with R>D° of which C(So, 7R) (So=oo+ ito) is a disk, 
then 


0) > 0, — lim sup ois 


It is sufficient to take account of 1.2.5. 
Taking account of I.1.1 we obtain the following statement: 


11.2.3. If the step h of A is positive and if the other conditions of 11.2.2 
are satisfied (D’<o holds automatically, because h>0), then we have 


for every a>1: 
oo > o, + [2alog (AD’) — A(a)]D = 6, — Lia,h, D’), 
where A(a) is defined by 1.1.1. 


In particular, such a series (A, A) cannot be continued analytically in a 
channel of width 27R, R> D’, for which the abscissa of the centre of a disk 
belonging to it is smaller than [3 log (hD’)—8.5]D' + o,. 


NOTE 


1 C(7R)=7RL(zR), where L is the Laplace transform of Ag (see 1.1.2). 


CHAPTER III 


THEOREMS OF LIOUVILLE-WEIERSTRASS-PICARD 
TYPE OF ARITHMETICAL CHARACTER AND OF 
GENERAL CHARACTER 


III.1. Theorems of arithmetical type 


We are going to prove the following theorem. 


THEOREM III.1.1. Suppose that 2, for a given k has the following property: 
the only rational numbers 1, %2, ..., %m (m>k), «, with a;>0(j=1, 2,..., 
m) satisfying the relation 


Ny = Ay + ctgdg + +++ + OmAm + 


QC iiy = ++ yg =O, 4 42 Sa, =0, o, 51, o=0: 

Suppose that f(s) defined by (A, A) with o,<0 has a direct analytic 
continuation starting from P,,(c'>0,) into £D(G*), where the starred 
curve G* shelters the curve defined by 


r = cos (6/3) (|8| <7 


Then the set of values taken by f(s) in & D(G*) is everywhere dense in the 
disk of radius |a,,| around the origin. 

Let a be complex and e>0 such that |f(s)—a|>e in £D(G*). Now 
lim f(s)=0 as o->0o, uniformly with respect to ¢ (this is so because 
A, >0). It follows that |a| >. Next we set 


ustibbnc tek 
a-f(s) a 
Then F(s) is a holomorphic function in #D(G*), and in this domain 
| F(s)| <e7++|a|~?<2e7?. 
If o is such that 


F(s) = 


 fagiset4at<aja}, 


we can write 


F(s) = +5 (Sa,e-™/a" = 3 Ce 
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where {L,} is a sequence of positive numbers increasing (strictly) to in- 
finity. 
Every L, is of the form 


E, = AA, ae AgdAg wo ie Ain Xing 


where the A, are positive integers. 
If p is any positive integer, there exists a term L, of {L,} equal to pA,; 
but according to the assumption made on A,,, no combination 


Ayr; Bic Agdrg ae , oe 52 AmAm aS A, 


where the A, (j=1,..., m) are non-negative integers and where A is an 
integer, can be equal to pA,, provided that the integers A and A, (j4k) 
are not all zero and A,=p. 

In other words, no difference 


Ly is L, (n # q) 


is an integer. 
Since for L,=pA, we have C,=af/a”*?, Theorem II.1.3 shows that 


lag] < B,lal?** sup [FG)| = 2B, \a|?*te-1, 
sé AD(G*) 


By extracting the p-th root and letting p tend to infinity we obtain 
la.| < lal, 


which proves the theorem. 

Let M={y,} be an increasing partial sequence of A: McA. We say 
that M is a linearly isolated partial sequence of A if the difference between 
any linear combination with positive integral coefficients 


Mypy + Mohg + +++ + Mpby 
and a linear combination with positive integral coefficients 
Ajay, + Aadg, + -+* + Agha, 


is not an integer unless the combinations are identical (that is, g=p, 
Any = Bis A;=m, VG=1, 2 ae is iP). 

The following theorem is of ‘Picard’ type, with the conditions bearing 
on the ‘arithmetical’ exponents. 
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THEOREM III.1.2. Let {A,,} be a linearly isolated partial sequence of A. 
We assume that f(s) defined by the series (A, A) with o,<0o has an analytic 
continuation starting from P,,(o'>0o,) into & D(G*), where G* is defined 
as in III.1.1. 

Then f(s) assumes in &D(G*) all the values of the disk C(O, > |a,,|) 
(|s| <> |a,,|), except possibly the value zero and one other value. 

It is known that if a#b, there exists in the complex plane a function 
x(w) with the following properties: 

(«) x(w) is regular at the origin and consequently is given in the neigh- 
bourhood of the origin by a series > A,w"; 

(8) x(w) has an analytic continuation on every curve that does not pass 
through a or 6, with w=a and w=b as ramification points for x(w); 

(y) |x(w)| <1. Evidently 


lim sup |A,|" = [min ([q], |b])]-* = c7. 


Suppose then that, contrary to our assertion, f(s) does not take the two 
values a and b such that a#b, a40, b40, |a|< A=} |a,,|, |b|< A, and 
consider the function F(s)= x ° f(=x(/(s)), where x is the function we 
have just defined. 

If o’ is such that > |a,| e~*»°’<c, we see that 


> |Am| (2 [an] e-*")” 


converges and consequently that F(s) for sufficiently large o is given by a 
Dirichlet series 


F(s) = 2 An(f(s))” 


n! k kq p-s(kyA), +" +kgA;_) 
cea An Craietien ais. BV) HEME nese a a hie 
Kitket- +kg=n iss %qs 
1<lj<@ 
J=1,2,...5 q 
— = Ce 


a series having an abscissa of absolute convergence. In &D(G*) we have 
| F(s)| <1. By the condition on {A,,}, every L;, which is a linear combination 
with positive integral coefficients of the A,, differs from any other Ly 
by a number that is not an integer. Let 


Ly = mA, + Mgr, + +++ + MypA,,. 
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The corresponding coefficient c, of F(s) is given by: 
¢, = pip + + igs (m, + mg + +++ +m, =n). 
Theorem II.1.3 allows us to write 
n! 


! ies ata 
(III.1) m!...m,! |ay,|™2 etek |ay,| P< [An 


where p,v;,...,¥p) and n are given and the inequality is valid for any 
positive integers m1, M2,..., M, for which 


Mm, + mgt ess +m =H. 


We fix p and the integers v,, v2,...,¥)>. We take p positive constants 
1,..-) p With a, +---+a,=1, and for every positive n we set 


m, = E(na,) (l<j<p-— 1), 
M, =n — (mM, + Mg + +++ + My-1). 


By Stirling’s formula we have 


’ n! 1j/n 
hin, (+ = Oy “FS ap “P, 
n \m!...m,! 


From (III.1) it follows that 


(WH) af... a5|a,,|%...|ay,|¢ < (lim sup |4,|2!")7? 


= ¢ = min ((q], |). 


We see this by setting in (III.1) n=n,, where {n,} is a sequence for which 
lim |A,,|"/"s=lim sup |A,|!", and by letting j tend to infinity. 
Since we may assume that all the a, are non-zero, we may set 


a = |ay|M(ay,| +--+ + lal) A <i <p). 


We then have of/=[(|a,,|/(|a,,| +--+: + |@,,|)]%, and (III.2) gives us im- 
mediately: 


eR CCE |a,,| < min ({q], |d)). 
Since p is arbitrary, we arrive at the contradiction 


> |a,| < min ({al, |b]) < A = > |{a,)]. 
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Theorem III.1.2 is evidently more precise than Theorem III.1.1 (not only 
is Theorem III.1.2 of ‘Picard’ type, while Theorem III.1.1 is of ‘Weier- 
strass’ type, but also the radius of the ‘disk of the distribution of values’ 
is smaller in the latter proposition). But we have thought it useful to 
demonstrate both theorems, because although the two theorems are based 
essentially on Theorem II.1.3, the passage from this to Theorem III.1.1 
is elementary, whereas we had to use the modular function in order to 
pass from Theorem II.1.3 to III.1.2. 

Here is an immediate corollary to III.1.2. 


III.1.3. If the sequence {X,} is such that no combination 
AyA; a Agrg "Oe eae a AnAns 


where the A;(j=1,...,n) are integers, is itself an integer, and if the condi- 
tions of II1.1.2 on f(s) are satisfied, then f(s) takes in # D(G*) all the values 
of the disk C(O, >. |a,|) except possibly the value zero and a single other 
value. 

We ought to emphasize the fact that in Theorems III.1.1 and III.1.2 
a single coefficient, or a subset of coefficients whose exponents are dis- 
tinguished by their arithmetical character from the other exponents, can 
already furnish important information on the function. They give proper- 
ties that cannot be annihilated by the coefficients corresponding to other 
exponents. In Theorem IJI.1.1 the object to be evaluated is the least upper 
bound of |f(s)| in a domain whose form depends on the character of the 
exponent, and in Theorem IJII.1.2 it is the image of this domain under f. 
We shall see later that the distribution of singularities of f can also be 
determined to a large extent by the coefficients corresponding to exponents 
that are ‘isolated’ in a certain fashion. 


IlI.2. Liouville—Picard theorems of general type 


We assume that the upper density D’ on A is finite; we also assume now 
that the series (A, A) converges in the entire plane: o,=—0o. From the 
fact that D’ <oo it follows that o,=o,=lim log |a,|/A,= —©. 

The function f(s) given by (A, A) is therefore entire. For every real o 
we set: 


M(e) = lub | f(@ + if). 
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It follows from 1.3.4 that lim M(c)=00 as a tends to —o, provided / is 
not identically zero. In that case the quantity 


(111.3) p = limsup eee ee 


is called the (R)-order of f (the Ritt order of f). One must not confuse the 
(R)-order of f with the order of this entire function in the classical sense, 
that is, the order defined by 


log log Mr) 
logr ; 
where 2(r) = max |f(s)|(|s| =r). Thus, the (R)-order of f(s)=e~S is 0, but 
its order in the classical sense is 1. 
The following proposition is useful: 


5 = lin sup 


THEOREM IJI.2.1. If 


ay An 
(111.4) lim inf een > 0, 


then a necessary and sufficient condition for the (R)-order of f to be equal 
to p is 


log |@n|._. 1, 


(111.5) lim sup Sine 


(The second term of this equality is —oo if the (R)-order of fis 0, and 
vice versa.) 

Note that in the statement we do not demand that D'<o; but the 
condition (III.4) is satisfied when D’< oo. Since in this section we assume 
the latter condition to be satisfied, the (R)-order of fis here always given 
by (III.5). 

Suppose that p, the (R)-order of f(s), is finite. For every o we have (see 
(1.10)): 


la, < M(c) ern’, 


It then follows from (III.3) that for every «>0 and sufficiently large 
—o we have 


log |an| < log M(c) + Axo < e7%*9% + Aro, 
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Now the minimum of the third term of this inequality is assumed for 
o= —log [A,/(p+¢)]/(p+e), a quantity that tends to —0co as n tends to 


+00, Hence for sufficiently large n we have: 


log |a,| < min (e~%+®* + d,o) 
= An(1 — log Ay/(p + 2)))/(p + 2), 


which gives 
1 


: log |a,| 
lim sup te ae 


> 


that is, since e>0 is arbitrary, 


Evidently this inequality is also valid for p=oo. On the other hand, if this 
inequality is also valid for p<oo, then to every «> 0 we can assign a quan- 


tity B(e) such that 


lan < Ble) em Ante Anlo +8) — Ble)Arrnlo+e) 


which, in turn, gives 
M(e) < > |an| E77 < Ble) > Ag nl e-nt 


(III.6) 
& Be) max [e —A,, log A, /(p + 2e) — An?] > e —aA,, log An, 


with a=e/(p+e)(p+2e). But it follows from (III.4) that for a certain 


positive constant b: 
3. e7 Az 108A, < > eed lognloga, — > n~ BAL < oo, 


Thus, (III.6) allows us to write, by setting kK=(p+2e)~+ 


M(c) < C(e) max e7 An 08 Ayano 


< C(e) max e— kx log x—xo sai C(e) e~ (kt 20) e7Atolk). 


So we have for sufficiently large —o 
log M(c) <= rae he # 
which proves that 


lim sup ee Dd, < p. 


o> -@ 
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This completes the proof of III.2.1. 

We are now going to define the order of a function f in a horizontal 
strip. Let S=S(to, a) denote the strip |t—to|<a. Let f(s) be a function 
holomorphic in the closed strip |t—to| <a and let us set for every o 


Ms = max |f(c + it)|. 


|t-tol<a 
The quantity 


lim sup log log M,(¢) = pg 
07 -@ — 
is called the order of f in the strip S. 


We can now prove the following theorem, which plays an important 
role. 


THEOREM III.2.2. Suppose that the step of A is positive and that the func- 
tion f represented by (A, A) is entire. Then the order of f in every strip 
S=S(to, 7a) with a> D' is equal to the (R)-order of f (in the plane). 

Let p be the (R)-order of f and let pgs be its order in a strip S(to, 7a) 
with D’<a. Clearly ps<p. So we have to show that ps>p. Also, it is 
sufficient to prove the theorem for p>0O, because as we shall see later, 
for every f not identically 0 we have pg>0. 

We set 


My(o') = max |f(s)|, 


where C=C(o'+ ito, 7a). It follows from Theorem II.2.1 that for every 
o and every n>1: 


(III.7) log M,(c) > log |a,| — log A, — A,o — log C(a). 


By (III.5), to every «>0 there corresponds a sequence of positive inte- 
gers {n,} such that 


1 ; 
(111.8) log |a,,| > — (- + 7) An logan, G2 1), 


and according to Proposition I.1.1 there exists a constant P such that 


(111.9) log A, < PA, (n > 1). 
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The inequalities (III.7), (III.8), and (IIL9) give for j> je and for every 
o (where j, is independent of c) and a constant C independent of o and j: 


(111.10) log M,(c) > — (7 + e) a, losd,!= (Pico, lone 


Se (7 + 26] AEA, — oA,,. 


If we set in (III.10), in particular, c= —(1/p+3e) log Any We obtain for 
J2Je: 


(11.11) log M,| - (7 i 3e] log A, Sine tepaip 
Now to every o there corresponds an « with |«| <a for which 


(111.12) M,(o + «) > M,(o). 


If we denote by a, the value of « corresponding to 
— [; + 3¢| log An, 
then we have by virtue of (III.11) and (III.12): 
log M,| (7 + 3e] log A,, + «, 2 ed, log An,» 


which allows us to write 


lim sup ee log pa 


log log Ms| — (; a 32) log An, + «| 


> lim sup i 
j=m (7 “fs 3e] log An, — 


-1 
> lim sup log 4, (7 + 3e] log A,, = (- + 32) ’ 


and since e>0 is arbitrary, the theorem is proved for p>0. 

By (IIL.7) we see that if fis not identically 0, then we have lim M;(¢)=0 
(o > —o) and necessarily pg>0. 

The theorem is now proved in all cases. 
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Next we pass on to theorems generalizing the theorems of Liouville 
and of Picard for general Dirichlet series (D'<0o). We begin with the 
following definition. Let s(u)=o(u)+it(u) be a continuous complex func- 
tion of the real variable u €¢ ]—0o, +00[ such that 
lim o(u)=0o, lim o(u) = —o, 

u=— 0 


U= 0 

with t(u)=t) for o>0 9, where fp and ap are constant. If R is a positive 
quantity, the union of the disks C(s(u), R) (ue ]—«, +00[) is called a 
curvilinear strip of width 2R, extending to —0 (horizontal, to the right). 
We denote such a strip by B(s(u), R). 

The horizontal strips S which we have discussed above correspond 
to the case when t(u)=ty for every uw. 

The set of points s(u) is the central line of the strip B. Here is a general- 
ization of Liouville’s theorem. 


THEOREM III.2.3. Suppose that D'<0oo and that o,<o for the series 
(A, A). If f(s), represented by (A, A), has an analytic continuation across 
a curvilinear strip B of width 27R extending to —o, with R>D’, and if 
this continuation is bounded in B, then f is identically equal to zero (that is: 
a, =0 for n>1). 

This theorem is an immediate corollary to II.2.1, where we put s)=s(u) 
and then let u tend to —oo. The conclusion of II.2.1 shows immediately 
that a,=0 forn>1. 


Next, here is a general theorem of ‘Picard’ type. 


THEOREM III.2.4. Suppose that D’< and that f(s), represented by (A, A) 
with o,< ©, has an analytic continuation across a strip B(s(u), 7R) extend- 
ing to —00, with R> D’; suppose also that f is not identically zero. 


If {u,} is an arbitrary sequence with lim u,=—0o, then one of the state- 
ments (1), (2) holds: 


(1) f(s) assumes in the set of disks C(s(u,), 7R) all values except possibly 
one. 


(2) For every e withO0<e<R we have 
lim f(s) = 00 
uniformly (with respect to s) as long as s remains in the disks 
C(s(un), 7(R — «)), 
and n tends to infinity. 
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If s(u) is real for u<u' (s(u)=o(u)), we can replace in this statement the 
disks C(s(u,), 7R), C(s(un), mR) —«)) by the squares 


|o — o(un)| < wR, |t] < wR; 
|o — o(u,)| < 7(R — ®), |t] < a(R —- e). 
We consider the family § of holomorphic functions 


rls) = f(s + s(u,)) 


defined in the disk C=C(0, wR). If (1) does not hold, the family is normal 

in C. But no sequence extracted from $ can be bounded in C, because 

then, by Theorem II.2.1, we would have f(s)=0; hence, if (1) does not 

hold, then we can extract from every sequence f,(s) a sequence tending 

to infinity uniformly for every closed disk in the interior of C. It then 

follows that (2) holds. The last part of the theorem is proved similarly. 
The following lemmas will be used later. 


U1.2.5. Let § be a family of functions ¢(s) holomorphic in a domain 9 
and such that: |p(s)|>1 in 9. To every bounded domain 9, for which 
9,<9 there corresponds a constant « such that 


1 < log |y(s1)| 
a ~ log |p(s2)| 
where p € §3 $1, So € 9}. 
For, the family of harmonic functions 


log |¢(s)| 
Fao) = jog ICs) 
where 9 is an arbitrary function of § and where sz is an arbitrary point 
of 9,, is normal in 9, because all the functions ¥;,(s) are positive in 9. 
This proves that this family is bounded on 9,, because Y;,,(s2)=1 for 
every Sz, € 9 . To obtain the lemma it suffices to make the same remark 
with s, replaced by sj. 


III.2.6. Let a and b be two constants with 0<a<b, and let F(s) be a func- 
tion holomorphic in the horizontal strip S(t, b). If the order of the strip 
S(to, a) is infinite, the function cannot tend to infinity uniformly in S(to, 5) 
as o tends to —©. 
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Suppose, contrary to our statement, that F(s) tends to infinity uniformly 
in S(to, b) as o > —oo. Consider the family § of functions F,(s)=F(s+4), 
where d is an arbitrary negative quantity and s varies in the square 
A,: |o—oo| <b, |t—to| <b. We have 


lim F,(s) = jim F(s + d) = 00 


d=-0© 


uniformly in s for s¢4,. And if o is chosen negative and of sufficiently 
large absolute value, then for every d<0, s¢4,, we have: |F,(s)|>1. 
Let n(/) be the integral part of —//2a. Applying Lemma III.2.5 to the 
family F,(s) (d<0), we see that there exists a constant «>1 such that for 
any s and s’ with s,s’¢4,, where 4, is the closed square |o—oo|<a, 
|t—t)| <a, we have 


log |F.(s)| 
TTS TS he 
(M13) fog [Fats] ~ * 


Now let o, be a negative quantity of sufficiently large absolute value, 
and let us write down the inequality (III.13) for d, s, and s’ chosen in the 
following manner: 


(1) d=o,, s is arbitrary in 4, s’ =0)+a; 
(2) d = 0, + 2ka(1 < k < n(o,)), Ss = 09 — 4, S' = 09 + GQ; 
(3) d= 0,5 = o9 + a + 2an(o,) + 04, 5’ = op — . 
Since 
Fy, 42%a(%o + @) = Fo, 42%+1a(%o — 4), 
we obtain for s ¢ 4, by multiplying these inequalities: 
log |F(ox + 5)| = log |F,,(8)| 
< aX) +1 log |F(o, + a9 + a + 2n(0;)a)| 
< amv *? log |F(ao — a)| 
< a? ~ 21/24 log |F(cy — a)|. 


It now suffices to recall the definition of the order in a horizontal strip 
to see that for S=S(to, a) 


ps < log a/2a < ~, 


which contradicts our assumption. Thus, our lemma is proved. 
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By combining III.2.2, I11.2.4, and III.2.6 we obtain the following 
theorem: 


THEOREM III.2.7. Suppose that the step of A is positive and that f(s), 
represented by (A, A), is an entire function of infinite (R)-order. Then f 
assumes all values, except possibly one, infinitely often in every horizontal 
strip S(to, 7a) with a> D’. 

Note that Lemma III.2.6 is a particular case of the theorem of Bieber- 
bach-Valiron, which can be stated in the following form: 


I11.2.8. Let a and b be such that 0<a<b. If the function F(s) is holomorphic 
in the strip S(to, 7a) and if the order of F in S(t, 7a) exceeds 1/2a, then 
the function assumes in every half-strip 


|t — to| < ab, C.< Hig 


all values, except possibly one. 

For a proof of this theorem we refer the reader to Valiron [59]. 

By combining Theorem III.2.2 with III.2.8 we obtain the following 
theorem: 


THEOREM III.2.9. If A has positive step, and if p is the order of the entire 
function f(s) given by (A, A) (¢,=—), then f assumes in every horizontal 
strip S(t, 7a) with a> max (D*, 1/2 p) all the values, except PO one, 
infinitely often. 


CHAPTER IV 


SINGULARITIES OF FUNCTIONS REPRESENTED 
BY A TAYLOR SERIES 


IV.1. Singularities of Taylor Series 


This section is concerned with the case when A, =n, and instead of writ- 
ing the series in the form of a Taylor-D series: > a,e~"*, we write it in 
the usual form: > a,z" (z=x-+iy). There exists an enormous literature on 
the analytic continuation of a Taylor series, the distribution of its singu- 
larities, their nature, etc. Nevertheless we come back to this subject, 
because we wish, first of all, to give an account of a general theorem which 
plays for the argument of the singularities (on the circle of convergence) 
a similar role to that of Hadamard’s theorem for their modulus (the 
formula of Cauchy-Hadamard providing the radius of convergence). Our 
theorem is very general and has a considerable number of applications. 
Since the Taylor-D series is a very important case of the general Dirich- 
let series, we have thought it useful to devote the present chapter to this 
subject. 
Here is the theorem on the arguments of the singularities. 


THEOREM IV.1.1. Let R (0<R<«o) be the radius of convergence of the 
series 


GV.1y °F) => 2,2", 


and let us set for h>0: 


D(h) = lim sup |a h" + (7) ahh) +... + a, [Un 


Then D(h) is a continuous function at h=0 and has at h=0 a right-hand 
derivative 


YO) = tm ee 
hyo h 
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for which 

|D'.@| <1 
and if we write 

D',(0) = cos 9, 


then one of the points Re'® or Re~‘® is a singularity of (IV.1), namely the 
one that is nearest to z=R on the circle of convergence. 
Consider the series 


(1Vi2) * go(z) = yo. 


If z) is a singularity of F(z), then zo* is a singularity of go(z), and vice 
versa. 

The radius of convergence of (IV.2) is R~1= D(0). 

Since the function g,(z+h)/z is regular at infinity, we can write for 
sufficiently large |z| 


Zirk th d,(h) 


(IV.3)  go(z) 


with 


dh) = $4 2D + Wy de 


- sl 0) (2 4 (7) Ze-lf ee be i) dz 


Qn Zz 
n 7 
=a, + 1 nih + +++ + aoh". 


The radius of convergence of the series (IV.3) is equal to D(h). Now gp(z) 
and g,(z) have the same singularities, except possibly the point z>= —h, 
which may be a singularity for go(z) without being one for g,(z). 

We denote by S*(h) and S~(A) the domains |z+h|>D(A) and 
|z+h|< D(h), respectively, and by C(h) their common boundary. Since 
g,(z) has all its singularities in S-(h)=S~(h) U Ch), and since there is 
at least one singularity of g,(z) on C(A), we see that D(h) is positive 
for sufficiently small /, that the intersection [(h)=S~(h) A S~(0) is 
not empty, and that all the singularities of go(z) are on J(h). If zo=R is 
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a singular point of F(z), then z= D(0) is a singularity of go(z), and since 
h>0, we have: 


D(h) = D0) + A. 


In this case the theorem is therefore trivial. Suppose then that z=R 
is a regular point of F(z), so that z= D(0) is a regular point for go(z). 
Since J(z) is not empty, we have 


DO) —h < Dh) < DO) +h. 


In other words, D(h) is a continuous function at h=0. We denote by 
Re’? the singular point of F(z) on |z|=R whose argument has the smailest 
absolute value (or one of these two points, if both Re’? and Re-‘® are 
singular points for F(z)). The point g= D(O)e~* is the singular point of 
g(z) on |z| = D(O) with the smallest absolute value of the argument. We 
denote by A(h) the arc of C(A) in the interior of C(O). Since g,(z) has no 
singularities on C(h)—A(h), there is at least one singularity of g,(z) on 
A(h). But g,(z) has no singularity on the part of C(O) exterior to C(h). 
Since the points —h+ D(h)e”® of C(h) tend to the points of C(0), uniformly 
in 6, as the points of A(h) tend to the part of the arc D(O)e” where || <q, 
and since the set of singularities is closed, we see immediately that the 
points of intersection of C(O) with C(h) tend, respectively, to D(O)e'? 
and D(O)e~'?. 

If x,+iy, are the points of intersection of the circles C(O) and C(A), 
we have: 


fea DA) WD") \h 
— 2h my 


and by what we have just seen, 


2 Se 2 
lim Mui lim D*(h) — D*(0) 
hyo hyo 2h 


= D0) lim aWak® = D0) .cds @, 
which proves the theorem. 

We are now going to show that we can preserve the form of the terms 
participating in the formation of d,(h), but neglect a certain number of 
them, depending on n and h; this makes the formula more manageable 
and more susceptible to yield interesting results. So we prove here a 
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theorem on the distribution of the singularities of F(z) on its circle of 
convergence, which is of a rather curious character. Later we shall try 
to clarify the difference between this proposition and the classical ‘lacu- 
nary’ propositions. 

We begin with some lemmas. 


IV.1.2. Let lim sup |a,|""=1 and let «<0, A>0 be such that 


(IV.5) a> — log (1 + 2). 


A 
1+. 

Let {u;} be a sequence of positive numbers tending to zero and suppose 
that to every j there corresponds a sequence {mi} of positive integers such 
that 


(IV.6) lim sup |; [umn > 1 + omy + o(uj) (j-> 00) 
and that 
am = 0, for me ]mi(1 — dAu,), mi + u)[, m # mi. 
We set h;=uje~“%, vi =E[m}(1+1u,)] (Ela] denoting the integral part of 
a); if d,(h) is defined by 
(IV.7) dy(h) = aght + (1) ah? + ++ + ay 


then 
lim sup |dy(h,)|""" > 1 + e%h; + o(h)) (J >). 
Remark. The condition (IV.5) holds, in particular, if « and A satisfy one 
of the following conditions: 
(1) A= 1,a> 4.— log2 
(2) « = 0,A > 0 arbitrary. 


To prove IV.1.2 we first have to demonstrate the following two lemmas. 


IV.1.3. Let lim sup |a,|""=1, 5>1, and let {p,} and {q,} be two sequences 
of positive integers tending to infinity. If for h>0: 


(IV.9) lim sup (g,/p,) < 1 — 6h, 
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then 
(LV.10) im sup Jaghts + (F*) ayhtant too + (P*) hPa tot 
n 


< 1+ 8&1 — logd)h + o(h) (h-0). 
We set 


8,(h) = Agh?n + ("") ayhPn-* 4+ 0+. + (72) Aq,h?n~%, 


We see, first of all, that for every a>1 


lim sup |8,(A)|1/?» 


Qn) 1P_ 
< lim sup {1 + (MG) +--+ tips (5) } h. 


P,w) = 1+ (Fr) w + vee b (?*) win 


n 


Also for every b>0: 


ae Ww) aay 2 
mths (1 +5) (ite z+ betes 


where the integral is taken over |z|=b; consequently for b>1: 


[PaGw)| < (1 + FEL)” gos, 


which allows us to write, when (IV.9) holds: 
lim sup |P,(w)|?/?_ < (6 + |w|)b-™. 


It is sufficient to set w=h/a, a>1, b=8 with a| 1 to obtain (IV.10). 


IV.1.4. With the notation and conditions of Lemma _ IV.1.3, let 
c> 6(1—log 8). If 


lim sup 


Pn ane 
(Ps) trees + oo + Gy. >1+ch+ oh). 
nN 


and if d,(h) is defined by (IV.7), then: 
lim sup |d,,(h)|’"2 > 1+ ch + o(h) (h->0). 
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This lemma is an immediate consequence of Lemma IV.1.3 (where g, 
is replaced by q,—1). 


We now prove Lemma IV.1.2. Let «>0 and for fixed j let: 
Pn = Elm. + u,)], dn = Elmi(1 — Au] (> 1). 


When j is sufficiently large (u,; sufficiently small), we have on the one 
hand: 


: Qn 1—du 
(IV.11) lim = bredectin es a =1+(1 + Au, + ou) 


=1—-—(1 + Ajeth; + o(h,) 
th Fite! cel, 
and on the other hand: 


1/Pp 
lim sup 


(P*) a,hPa-% lt bias 2 
qn 
(mi) Ans Pa 


h; u,l(1 
a + u) (2) : 


1 + e%h; + o(h;) (j >). 
Since it follows from (IV.11) that for sufficiently large j: 


‘ 1/Pp 
= lim sup 


—u ) 
: (1 + au, + o(u,))VOt4? 


W 


lim sup lw Che {6 = (14 die" — 2), 


n 


c=e" > d(1 — log 8), 


the conclusion of Lemma IV.1.2 follows from Lemma IV.1.4. 
We now prove the following theorem. 


THEOREM IV.1.5. Let 
Fay= >a2 

be a Taylor series with radius of convergence I and X>0, 02 a>A/(1+A)— 
log (1 +A). Let {h,} be a positive sequence tending to zero and suppose that 
to every j there corresponds a sequence of positive integers {mi} and a 
sequence of positive numbers {83} such that? 

(1) Ram e#*) > 0 for me ](l — AA,)mi, (1 + h)mil 

(2) lim sup |R(@ms, etn)|/™ > 1 + ah; + o(h,) ({+0). 
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Then the series F(z) has at least one singularity at e'® with 


|0| < |arc cos e*| (Iarc cos e*| < 5): 


CorROLLARY to IV.1.5. Let F, a, A be defined as in IV.1.5, let {u,} be a 
sequence tending to zero, and suppose that to every j there corresponds a 
sequence of positive integers {m}} such that 


(IV.12) lim sup |ans|™" > 1 + au; + o(u,) (j> 0) 
Qm =O for me](1 — Ahm), (1 + h)mil, m # mi. 
Under these conditions there exists a singularity of F on every arc of the 
circle |z|=1 with an angle 2\arc cos e*|, (|arc cos e*| <7/2). 
To prove Theorem IV.1.5 it suffices to set 
vn, = Elmi(1 + uj], h; = ue" 
and to note that by Lemma IV.1.2: 
lim sup |d,4(h,)|2" 


j j 
vi, liv, 


> lim sup 2( (aah + (‘") ah’ 4 oe. ays) et) 


21+ eh; + o(h,); 


this proves that when we denote by e’® the singularity of F(z) on |z|=1 
nearest to z=1 we have 


cosy’ = "D',(0)' = ee Pet > e%, 


This proves the theorem, at least for the singularities situated on an arc 
of angle 2|arc cos e*| centered at z=1. An arbitrary rotation proves the 
rest. 

Now we indicate the essential difference between Theorem IV.1.5 (and 
its corollary) on the one hand, and the older theorems in the same range 
of ideas on the other. 

In the classical theorems one studies the behaviour of the coefficients 
a, When the index m varies in intervals around indices m, corresponding 
to ‘major’ coefficients, that is, those for which lim |a,,,|"’"»=1 (where, 
for example, all the other a,, are zero, as this is the case in the Corollary 
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to Theorem IV.1.5), the length of these intervals being proportional to 
m,, With a fixed proportionality factor. In contrast, here we have just 
introduced intervals around the indices m4 without assuming any se- 
quence {a,,;} (for fixed j) to be ‘major’ (see (IV.12), where the propor- 
tionality factors of the length of these intervals decreases, and where the 
‘importance’ of the sequence {ani} ‘increases’, with decreasing u,; in 
(IV.12), « being assumed to be non-negative). This proportionality fac- 
tor (A+ 1)h; tends to zero as j tends to infinity, whereas the expression 


lim sup |ayy3|1/" 
(in (IV.12)) can never be equal to 1 (if « <0), but tends to 1 as j tends to 
infinity. 
We end this chapter with the following theorem, which is also essen- 
tially based on Theorem IV.1.1. 


THEOREM IV.1.6. Jf the radius of convergence of (IV.1) is 1, if 
lim |a,,|""7 =, 1, 


and if there exists a constant &>0 such that no polynomial of the sequence 
d,(Z) = Gz" + (Taz? Pees + da 24) 


vanishes in the disk |z|< 8, then F(z) has at least one singular point at e'” 
with 


; Qn, -1 
cos m > lim sup X ——- 
ay 


We see from this theorem that if lim sup X(@,,-1/a,,)=1, when the 
other conditions are satisfied, then z=1 is a singular point of (IV.1). 
In the notation of Theorem IV.1 we have for h>0, 


log |d,(A)| bh oup log |dn,(A)|_ 
n 


(I[V.13) log D(h) = lim sup > ‘ 


There exist two constants k>0 and L>0 such that |a,|<Lk" (n>0); 
consequently 


|d,(z)| = |aoz” oy ({)a.z— + +++ +a,| 


< L(t + (Jeet + + +) = (el + 4) 
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Since d,,(z) does not vanish in |z|<6, we can define arg d,,(z) in this 
disk in a continuous manner, by defining arg d,,(0) equal to arg a,,, the 
latter lying in [0, 27[. The functions log d,,(z) = log |d,,(z)| +i arg d,,(z) 
are then holomorphic in |z| <8, and their real parts satisfy the inequality 


R log d,,(z) = log |d,,(z)| < log L + n, log (k + 8). 
The real parts of the functions 


log d,,(Z) 

Pnj(Z) = aoe 
j 

are bounded. These functions therefore form a normal family in |z| <6. 

Consequently, we can extract from {n,;} a sequence {m,} having the follow- 


ing two properties: 


(1) lim Stet = lim sup es we a; 
Mp nj 
(2) the sequence 9m,(z)=log dm,(z)/m, tends in |z|<8/2 uniformly to 
a function holomorphic in this disk, because we have 


log fe log |am,| + iar Gn, 


Mp 


lim y,,,(0) = lim ——— = lim = Q, 


On the other hand, it is easy to show that 
d,(z) = nd, -1(z), 


and that in |z|<6 


log d,(z) = log a, + ‘rp ae dt = loga, +n In Sn) =a at dt. 


Hence, by (IV.13) we have for O<h< 8/2: 


log D(A) > lim 18 |4no()| 
My 


_ 4 (R108 an, Wiles at) 
= lim ( m, +R i dy,{t) dt). 


But since 


R log an, ae log |an,| 
My My 


lim = 0, 
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we have 


dnp) 
Anp(t) 
Since D‘,(0) exists (Theorem IV.1.1) and from the fact that D(0)= 
=lim sup |a,|*/"=1, we also have 


log D(h) > lim & [s dt. 
0 


D',(0) = (og D(H)’. <0) = lim BPO 


h 
> hm — ; (im x | o Any —1(2) at) 


ho h pro fy) dm, (t) 
= lim (lim 5 a [ at a at) 
po nio h 
as An, -1(0) ae pire a 
ee Cee = lim ® an, =a 
= lim sup % Girt 


ny 


But by Theorem IV.1.1 we know that (IV.1) has a singularity e'? with 
cos p= D’, (0). This completes the proof of our theorem. 


NOTES 


1 We recall that a ‘singularity of a Taylor series on its circle of convergence’ is de- 
fined as a point Zo with |zo>|=R such that for no e>0 there exists a function holo- 
morphic in the disk C(zo, «) that is equal to the series in C(O, R). 

2 #(a) denotes the real part of a. 


CHAPTER V 


COMPOSITION OF SINGULARITIES 


V.1. Composition of Hadamard type and generalizations 


Without doubt, one of the most important theorems in the theory of the 
distribution of singularities of a Taylor series is that of Hadamard con- 
cerning the multiplication of singularities, which he discovered in 1898. 

Since later in this chapter we shall have occasion to state the theorem 
in its general form, we give it here under a form (due to Hadamard) 
which is, in fact, only valid when the singularities are isolated and the 
functions themselves are uniform.* 

If E;, i=1, 2, 3, is the set of singularities of the functions represented by 
> an2", > byz", and > ayb,z", respectively, then to every point eg of Ex 
there corresponds a point e, of E, and a point ez of Ez such that eg =e,é2. 

Translated into Taylor-D series this statement becomes the follow- 
ing. 

If y is a singularity of the function represented by > a,b, e~", then there 
is a singularity a of the function represented by > a, e~"’ and a singularity 
B of the function represented by > 5, e~"’ such that y=a+f. 

We assume in these statements that the radii of convergence of the 
series > a,z" and > 6,2" are finite and non-zero, or what comes to the 
same, that the abscissae of convergence of the Taylor-D series are finite. 

The statement on the Taylor-D series ceases to be true for general 
Dirichlet series. In other words, the function represented by > a,b, e~*»§ 
can have singularities other than those of the form «+f, where a is a 
singularity of the function f represented by > a, e~*»*, and Bis a singularity 
of the function ¢ represented by > b, e~*»’. This remark is valid even if 
each of the functions f and » has only one singularity and the functions 
themselves are uniform. For example, if a,=b,=1(n>1), and A,=log n, 
then both fand > are the Riemann zeta-function {(s), which has no singu- 
larity other than a simple pole at s=1. Hence, if the theorem were true, 
the function represented by the ‘composite series’ > a,b, e~*»° could not 
have singularities other than the point s=2. But of course, the composite 
function is still ¢(s). 
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The fact that the statement given for Taylor-D series cannot be ‘trans- 
ferred’ directly to general Dirichlet series is a challenge to search for a 
general theorem of a type depending on properties of A, which for A=N 
(A, =n) turns into that on the Taylor-D series. 

We give here several theorems on the composition of singularities of 
Dirichlet series, which all contain as a particular case Hadamard’s 
theorem corresponding to A, =n, each of the theorems having its specific 
character of generality. 

Although the theorems we state are valid for multiform functions (after 
the terminology has been made somewhat more precise), to simplify the 
language we assume that they are uniform — at least ‘uniform in a half- 
plane’ — an expression to be made explicit later. However, we shall see 
that these restrictions can be removed. 

So let us consider the series (A, A)=> a, e~*»® with o,<00, and let 
o;>—00. Let 4 be a domain contained in P,, and containing 
PAP, © 4 < P,,) for a certain o’ > max (0, o,), and such that the sum 
S(s) of (A, A) has a uniform analytic continuation from P,- to 4. 
Given o;, if there exists a domain, which we denote by 4(o,), containing 
all the other 4 having the properties listed, we say that the function f, 
which is holomorphic in A(o,) and is there the continuation of (A, A) 
starting from P,., is uniform in P,,. The set consisting of all the points of 
P,, that do not belong to A(o,) is denoted by S,,. We call this set the 
singular set of f relative to the half-plane P,,. The points on the line c=0, 
evidently belong to S,,. The theorems will not be interesting unless S,, 
contains points not on the line c=0,, but for the results we shall give later to 
be always valid we have to define the singular set in the manner indicated. 

If of <0, the analytic continuations of (A, A) into 4(o,) on the one 
hand, and into 4(o{) on the other (if the two continuations are uniform) 
take in A(c{) A A(c,) the same value; it is therefore not inconvenient to 
denote such a continuation (into a 4(o,)) by the same letter f(s) as the 
sum of (A, A) in P,,. Note that 4(o,) < A(o}). To say then that ‘f(s)= 
(A, A)=> a, e~*** is uniform in the half-plane P,,’ means that 4(o,) 
exists, that f is holomorphic in A(o;), that fis given by (A, A) in the part 
of A(c,) belonging to P,,, and that f has no analytic continuation in a 
neighbourhood of a point S,, except along a curve intersecting the line 
o=0}\. 

A general Dirichlet series does not necessarily have singularities on the 
axis of convergence, in contrast to a standard fact for the Taylor-D series 
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(a Taylor series has at least one singular point on its circle of convergence; 
hence a Taylor-D series has at least one singular point on every segment 
of length 27 on its axis of convergence). For example, the function repre- 
sented by the series 5 (—1)"n7° is entire, although o,=0 for this series. 

Now let H be the greatest lower bound of the quantities o’ such that 
f(s)=(A, A) is holomorphic in P,,. This H is called the abscissa of holo- 
morphy of (A, A). Evidently H<o,<o,. The line o=H is the axis of 
holomorphy of (A, A). 

The quantity 


H(o,) = £pDs9, (s = o + it) 
ESo1 


is called the abscissa of holomorphy of (A, A) in the half-plane P,,. We have 
H(o,)=H if o,< H, and H(c,)=9, if o> H. 

Let E be a closed set contained in a half-plane o<o,. 

The expression ‘the only possible singularities of (A, A) in P,, are the 
points of E’ has the following meaning: if we denote by (P,, — £) that part 
of the difference P,,—E (the complement of EM P,, in P,,) which forms 
a domain (a connected set of interior points) containing a half-plane 
P,,, With o,>0,, then f(s) is holomorphic in (P,, — £) (and in P,, we have: 
f(s)=(A, A)). 

It is important to emphasize that o,<o, does not imply S,, < S,;. 
This is the reason why in the definition of S,, we use the expression 
‘relative to P,,’ and not ‘in P,,’. 

Let f(s)=(A, A) be uniform in P,,; for e>0 we set: 

S.(e) = U CG, e). 


SESg1 


If to every «>0 there corresponds a constant K (= K(e, o,)) such that? 
on A(o, e)=(P,,—S.,(e)): |f(s)|<K, we say that f is bounded in P,,, 
except at the singularities. It is clear that a Taylor-D series, uniform in 
a>o’ is bounded except at the singularities. But this is not the case for 
all the Dirichlet series. For example, the function ¢(s) is not bounded, 
except at the singularities in any half-plane P,, with o,=1—8(5>0). 

Let us now suppose that f(s)=(A, A), uniform in P,,, is such that there 
exists a non-negative constant m with the property that to every e>0 
there corresponds a K(e, m) (=K(e, m, 0;)) such that |f(s)| < K(e, m)|¢|" 
holds in A(o,, e) for sufficiently large |t|. Let » be the greatest lower bound 
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of these quantities m. In other words, to every 5>0 and every e>0 there 
corresponds a constant 


Nee, 8) (= Nee, 5, 03)) 
such that for sufficiently large |r| 


If()| < NG, 8)|¢|**?, 


in A(o;, e) and no quantity smaller than » has this property. We then say 
that fis of order u in P,, except at the singularities. 

Let A(t) be a function that is positive for t>0, increasing, tending to 
infinity. We say that /(s)=(A, A) does not grow faster than A(t) in P,, 
except at the singularities if to every «>0O there corresponds a 
K(e)= K(e, o;) such that in A(o,, e) we have 


If()| < K@)A(It)). 


Let Q(o;, to) be the quarter-plane given by o>0o,, t>f). Suppose that 
(A, A) has the following properties. Let 4 be a domain such that 
Q(0,, toc) > 4 > Q(oa, to), where o, is a certain quantity o,>0,; f(s), 
given by (A, A) in P,,, being holomorphic and uniform in 4. Suppose 
also that there exists a domain D(o,, to) which contains all the domains 
A just described. Then we say that f(s), given by (A, A), is uniform in the 
quarter plane Q(oj, to). We denote by S,, 4, the set of points s satisfying 
the inequalities o>0,, t>f. and not belonging to D(o,, fo). Then S,,1, is 
called the singular set of f relative to the quarter plane Q(«,, to). Next, 
let S,,,4(€) be the union of the disks C(s, «) with se S,, 4. If to every 
e>0O there corresponds a constant K(e) (=K(e, 01, fo)) such that in the 
closed domain (Q(oi, to)—So,,t,(€)), Which is the part of the closure of 
Q(0y, to) — So,,1,(€) connected with Q(oz, t;) we have |f(s)|<K(e), then 
we say that fis bounded in Q(oj, to) except at the singularities. If f is uni- 
form and bounded in P,, except at the singularities, then it has the same 
properties in Q(0,, fo) for any fo. 

We introduce the quantities 

07 (to) = Sup oO, H*(o;) = lim of(to), 
SESg1,to to7 © 

It is evident that H*+(c,) exists and that H*(o,)>0,. We call H*(o;) 

the ultimate (+)-abscissa of holomorphy of f in the half-plane P,,. 
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Since the first theorem of this chapter concerns functions /(s)=(A, A) 
that are bounded, except at the singularities, in a half-plane or quarter- 
plane, it is essential to prove that there exist Dirichlet series which are 
not Taylor-D series (or series of the form > a, e~'"*, where k is a con- 
stant), and which have these properties. Let (A, A) be an arbitrary series 
with o, <0, and let T(z)=> c,z" be an entire function. Consider the func- 
tion 
T[f6) + ==] = TE ae + De) 


e— ] 


> Cul, Cath AD eo ne 


F(s) 


Since for o>0 the series > |Cm|(> |adn| e7*»7 +> e~"7)" converges, we 
see that F(s) is represented for o>0 by a Dirichlet series 


F(s) = 2 d, Cn, 


where the v, are of the form »,=>)<, aA; +f, the a, and 8 being non- 
negative integers. On the other hand, the function f(s)+(e*—1)~+ has in 
the half-plane o>o, only simple poles at the places 2kmi (where k is any 
integer). Besides, this function is bounded for o>0o,+e outside the disks 
C(2kzi, «). 

In the same domain F(s) is also bounded. But in each of these disks the 
values taken by /(s)+(e’—1)~? cover a neighbourhood of infinity, and by 
Picard’s theorem F(s) takes in these disks all values, except possibly one, 
infinitely often. The points 2kzi are therefore (essential) singularities of 
F. Thus, this function has the properties required for every 0, >0,,5. 

Before we state our theorems, let us make a convention: if in a state- 
ment several Dirichlet series occur, for example f(s)=(A, A), o(s)=(B, M), 
we attach to the various elements we have to introduce the letter indi- 
cating the relevant function. Thus, the abscissae of simple or absolute 
convergence of f will be denoted, respectively, by o,;, og,;; the abscissa 
of holomorphy by H,; the singular set of f with respect to P,, by S,,.;5 
etc. 

If the analytic continuation of a series f(s)=(A, A) is uniform, we de- 
note by S; its singular set (in the entire plane), that is, the complement 
in the plane to the domain of existence of f (the total domain where 
(A, A) can be continued analytically). 

In all the subsequent cases we assume that the Dirichlet series occurring 
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in the conditions have an abscissa of absolute convergence without stat- 
ing this every time. 

The theorem we are about to state contains as a particular case Hada- 
mard’s theorem on Taylor series, although V.1.1 concerns much less 
general series than the next theorem (V.1.2). 


THEOREM V.1.1. Let f(s)=(A, A) be uniform and bounded in Q(oi, to), 
except at the singularities, and let ¢(s)=(B, A) be uniform and bounded in 
P,,, except at the singularities. Let S,,,1,,5 be the singular set of f with re- 
spect to Q(04, to) and let S,,,9 be the singular set of » with respect to P,.. 

We set C,=a,b,(n>1), C={c,}. The function F(s)=(C, A) has the 
following properties: oa,7<¢a,;+0a,0, F is uniform in Pz, where 
o3=H}(o1)+¢2, and the only possible singularities of (C, A) in P,, 
are the points® of So,,i9,5 +Sa2,0 and the limit points of this set. 

Let c>o,,;, 41 >to, and let us write for z=x+iy 


Fr) =f Sse — 5) ds 


where the integration is taken over the line o=c. Then F;(z) is holomor- 
phic for x>c+0,,o, for when o=c, we have z—s€P,,,. If z satisfies 
this condition, we have 


1 c+Tt 
Fre) = 7 | f(s) Eby e-me-9 ds 
Ti c+tyi 
a ] Crit " ed 
= >b,e n® Ti reeked gg iS, 


But according to Theorem [.3.1 we have 
Ww) af - " f(s) ed* ds = aq + &,(T), 
with lim «,(7)=0 as (J > o). Thus, 
Fy(Z) = 2 Andy e7*** + 2 en(T)~**. 
The series (C, A) converges absolutely for x>o,,9+¢, because 


> lanbal dee de Poiana 


n>p 


1 c+Tt % Z 
— ns 
lim Oe cg I (s) e8 ds 


< Mc) Wa |b,| e7An(*- 0) 


n>p 
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where 
M(c) < sup |f(e + it)| < > |an| e7%°. 


We also have > |b,| e~***-° < 00 for x—c>04,9. 

Hence the series (C, A) converges absolutely for o>0,,,+0,,9, and 
On Sg pt+%q,0- 

For x>0,,9+¢ we have: 


| F(z) aa F(z)| 7 \> b, e~*n*[a, F2 e,(T)] = v3 Andy e7*n?| 
and since by (V.1) |e,(T)| <2.4(c) e*»°, we have for each p: 


|Fr(z) — F(z)| 
< > |bren(T)| e-™** + 2M(C) D>, [bal 7-9; 
nSp n>p 
but on the one hand, for fixed p, e,(T) 0 as T>o, n=1,2,...,p, 
and on the other hand, >,,>» |b,| e7°»-° +0 as p> 0, x—c>0,,9. So 
we see that lim F,(z)= F(z) for x>o,,0+¢. 

Suppose now that c>max (o,,;,0,) and let us divide the strip o, <o<c 
into squares whose sides are parallel to the axes and of length e=(c—«,)/q 
(where g is an integer). We denote by A a square of this division having 
the following property: the closure of the union of this square with all its 
adjacent squares does not contain any point of S,,4.,,. Let D(e) be the 
set consisting of the union of all the squares A of this division. If ¢ is 
sufficiently small (g sufficiently large), then all the squares based on o=c 
form part of D(e). We assume « to be chosen this way. Let D*(e) be the 
largest domain forming part of D(e) and having o=c as part of its boun- 
dary. Let D*(e, t,;) be the part of D*(e) for which t>1,. Then f(s) is holo- 


morphic and bounded in D*(e, t;). Let C(e) be the boundary of D*(e, t,). 
Let {a,,} be a sequence tending to +00, with a, >t, (m>1); we denote by 
D*(e, t1,m) the part of D*(e, t,) for which t<om, and by C’(e, t, m) 
the part of its boundary that does not contain the points of c=c. It 
follows from Cauchy’s theorem that for x>o,,9+¢ 
(V2) Fag(2) = Fis\p(z — 8) ds 
m JO*(8,t,,m) 

(the integral being taken in a convenient sense) and consequently F(z) 
for the same values of x is the limit of the integral (V.2) as m tends to 
infinity. 
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Let /,, be the set of points forming the segments of C'(e, t1, m) for which 
t=Om, and let L be the set of points forming the segments of C’(e, t,, m) 
for which t=1,. Since for given m the total length of each of these sets 
of segments does not exceed c—o,, and since on these segments |/(s)| 
and |¢(z—s)| (for x>o,,9+c) are bounded, we see that when we denote 
by C(e, t;, m) the set 


Cle, i,m) — 1, — L 
we have F(z)=lim F,,,(z), where 


qe 


ictm C(e,t,m) 


Fi,(2) = f(s\o(z — 8) ds. 
Now let 4 be a bounded domain of the plane z= x + iy containing points 
with x>o,,9+c such that for every ze 4 


x > A‘ (0) Te Og — 3e 


and that for every couple z, y with ze4, ye€S,,4..7,+So.,. we have 
|z—y|>6e. If t, is sufficiently large, we have for every s € C(e, t;, m), 
Zz 7. B € Sis,0 


R(z—s)=x-—o>og, |z—s— pl >e. 


Indeed, if ¢, is sufficiently large, then for every s € C(e, t;,m) we have 
o< H}(o,)+3e; and for ze 4 we have x—o> og. If we had |z’—s’—f’|<e 
for a z’eE4, an s’ € Ce, ty, m), and a B’€ S,, 5, because to every s’ indi- 
cated there corresponds an «’ € S,, ,,; such that |s’—a’|<2V/2 «, we would 
have |z’—«a’—f’|<|z’—s’—f’|+|s’—«’| <(2V2+1)e, contrary to the as- 
sumption that |z’—a’—’|>6e. With this choice of ¢,, for every 
s€C(e, t;,m), zEA, the variable u=z—s is situated in that part of the 
half-plane o>, which is connected with the half-plane of absolute con- 
vergence of » and in which ¢(s) is holomorphic, uniform and bounded. 
Thus, the functions F;,,(z) defined above form a bounded family of holo- 
morphic functions in 4. But in a closed part of 4 situated in the half- 
plane x>o,,,+¢ the sequence F;,(z) converges uniformly to F(z)= 
> anb,e~ 8, and by the Stieltjes-Vitali theorem, F;,,(z) converges uniformly 
to a function holomorphic on every compact set in 4. This limit is the 
analytic continuation of F(z). Thus, the ‘composite’ sum > a, b, e~*»§ 
can be continued analytically into every domain 4 of a kind we have 
defined. This proves the theorem. 
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Theorem V.1.1 contains as a particular case Hadamard’s theorem, 
because for the Taylor-D series o, and o2 can be chosen arbitrarily, at 
least if the functions are uniform. (For multiform functions a statement 
valid for Dirichlet series of an order of generality comparable to that of 
Theorem V.1.1 can also be obtained; later we shall have to say some- 
thing about this.) 

The fact that ¢) is arbitrary in Theorem V.1.1 does not improve the 
corresponding statement for the Taylor-D series, because f and 9 are then 
periodic functions of period 2zi. But the arbitrary choice of fp plays an 
important role in some applications of Theorem V.1.1 to general Dirichlet 
series. Note that for two Taylor-D series the sum S,,,;+So,,o is Closed, 
because the sets S,,,,, and S,,,9 are themselves periodic of period 2zi. 


V.2. Composition of functions of slow growth 


Before dealing with Dirichlet series of a much more general character 
we have to introduce some new definitions. Let M={u,} be a strictly in- 
creasing sequence of positive numbers tending to infinity; as before, let 
I(s)=(A, 4)=> a, e~*5, and let k be a positive integer. Let mo be the 
smallest integer 7 such that u,>A,, and let us set 


BO, 210. (Os tty Selig okOUm tte >) 


a? = S (4a — An)“Gn (> My). 
Am <Un 
The quantity a? is called the n-th coefficient of f (or of (A, A)) relative 
to M, of order k. 


THEOREM V.2.1. Let f(s)=(A, A) be uniform and of order v in P,,, except 
at the singularities, and let 9(s)=(B, M) be uniform and of order w in 
P,.. except at the singularities. 

Let S,,,; be the singular set of f with respect to the half-plane P,,, and 
Soo, the singular set of p with respect to the half-plane P,,. Let H,(o,) be 
the abscissa of holomorphy of f in P,,. 

Let k be an integer such that k>v+. Then the series > a®b, e~ "5, 
where ay” is the n-th coefficient of f relative to {u,}, of order k, has an ab- 
scissa of absolute convergence not exceeding 


max (t4,5, Cq,0 + A) 
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the function F,(s) represented by this series is uniform in the half-plane 
o>max (H,(0;), 0)+¢2, and the only possible singularities of F,(s) in this 
half-plane are the points belonging to So1,¢+Soao,0, the limit points of this 
set, and the points of S,.,s- 

Let c>max (0, o,,;) and consider 


_ Kk! (°** fee — 5) 
(V3) FQ) = he _ ee as, 
the integration being taken over the line o=c. 
F(z) is holomorphic if x>c+0,,5 (z=x+iy), for when o=c, the vari- 
able z—s remains in the half-plane of absolute convergence of y. For 
such values of z we can write: 


k! c+ico i 1; ds 
Bri Jy 10) Buen = 


c+ic so 
= > b, en Un? ys An Cn Amn J 
- a 


c-io 


and 1.3.3 enables us to write (for these values of z) 


Fe) = > bae® D>) ain(tn — An)® = E aby em, 
n2Nno Am<Ln 
where Mp is the smallest integer n such that there exists a 4,, less than p,. 

The last series for F(z) converges for x >c+ 04,9. But (V.3) is still valid 
when we replace f(s) by > |a,| e~*»8 and ¢(s) by > |b,| e7"°. 

Consequently the series 

ye > 1Qm|(Hn ah An)" bn er ene 
n2No Am<Un 
converges for x>c+0,,,, which proves that the abscissa of absolute 
convergence of > ab, e~“»* does not exceed max (64,9, Ga,7+0a,9) (c is 
only subject to the inequality c>max (0, o,,;)). 

Evidently F(z) = F(z). 

Now we choose c>max (0, o;, o,,;); and as in the proof of Theorem 
V.1.1 we divide the strip o,;<o<c into squares of sides parallel to 
the axes and of length e=(c—o;,)/q; let D,(e) be the set consisting of the 
union of the squares of this division having the following property: the 
closure of the union of such a square with all its adjacent squares does 
not contain any point of S,,,, nor the point s=0. If e is sufficiently small, 
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all the squares based on o=c form part of D*(e), the largest domain 
contained in D,(e) having o=c as part of its boundary. The function f is 
holomorphic in D¥(e), and to every 5;>0 there corresponds a constant 
Ny(8;) (=Ny(81, €, 01)) such that |f(s)| <.Ni(8:)|¢/4*% on Die) for suffi- 
ciently large |t|. 

Let D*(e, 7) be the part of D¥(e) for which |t|<T, and let Cie, T) 
be the part of its boundary that does not contain the points of o=c. 
For x>0og,9+c we have, by Cauchy’s theorem, 


[.feoee - 985 = [owe - 9) see 


where the first integral is taken in a convenient sense over C/'=C7(e, T), 
and the second over the segment of the line o=c. 

On all parts of C¥(e, T) on which t= —T or t=T, the integrals tend to 
0 as T tends to +00. It follows that 

! 

WA AG) = 55). fOxe — 997 
where C%#(e) is the part of the boundary of D¥(e) that does not contain 
the points of c=c. 

Let 4 be a bounded domain of the plane of z=x+iy containing points 
X>0q,o+c and having the following properties: x>max (H;(c;), 0)+ 
O2+2e for every ze€4, and |z—y|>6e for every ze4 and ye 
(S.,0+So1,7) U Soo,o- We see that 

R(z—-s)=x—-—o> ag, 

that |z—s—f|>e for every z € 4, every s € C7(e) and every BE S,,,o. This 
can be shown in a manner similar to that we have used to demonstrate 
an analogous fact in the proof of Theorem V.1.1. Consequently, if 
5 € Cf(e), ze A, then the variable u=z—s is situated in that part of the 
half-plane o>o, which is connected with the half-plane of absolute con- 
vergence where ¢(s) is holomorphic and uniform and where to every 
52>0 there corresponds a constant N2(82) (=No(Se, e, c2)) with the 
property: 


lp(s)| < No(S2)|t|"*% 
for sufficiently large |t|. Since 4 is bounded, we see that 
|p(z — s)| < Na(82)|t|"*% 
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for sufficiently large |t| if s ¢ C¥(e), z€ 4. Since v+y<k, clearly 8, and 8, 
can be chosen so that 


w+tvt+ 6, + 8 <k, 


and the integral (V.4) converges uniformly in z on every compact set in 
4. Hence F,(z) is holomorphic in 4, and the theorem is proved. Theorem 
V.2.1 also contains Hadamard’s theorem, at least if we assume that the 
Taylor series represents a uniform function. In fact, let: 


Ws):= 2d,e°", os) = > bye ™ 


(to simplify the calculations we assume that d,=0; also d)=b)=0 as 
everywhere in this text) and let z»=e~%o be one of the singularities of 
> d,z" on its circle of convergence. The function 


tals) = Dd,e"“e"™ => Ape™ 
has a singularity at the point s=0. We set 
(1 — s~*)? e%y1(8) =f) = Da, e-™. 
Then 
A, = (n — Ia, + (n — 2)ag + ++ + y-d 
> (n — man (n 2 2). 


m<n 


The singularities of f are those of #,, except the points 2kmi, which may 
be singular for %, but not for f. Since for the Taylor-D series f and » 
the quantities o, and o, can be taken negative, of arbitrarily large abso- 
lute value, and since for such a choice of o, and oz, we can always take 
k to be equal to 1, we see by Theorem V.2.1 that the only singularities 
of F(s)=> ab, e~™*, where 


ay iz 3 An(n — m) =A, (n> 1), 
and a =0, are the points of S,+.S, and of So. 
Let S,, be the set of singularities of 4,; since S,, contains S; and the 
point s=0, we see that Sy, +S,=(S;+5S.) U So. In other words, the only 
possible singularities of 


F(s) Ty LAe, = Law C0 ea? 
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are the points of S,,+S. Clearly, every point of S,, the set of singulari- 
ties of #, is obtained by adding sp to a point of S,,. In other words, the 
only possible singularities of 6=> d,b, e~"* are the points of S,+So. 
This is the most precise statement of Hadamard’s theorem, at least for 
uniform functions. For multiform functions we shall make the appro- 
priate remarks later. 

Coming back to Theorem V.2.1, we see that if o; <0 and if s=0 does 
not belong to S,,,;, then for sufficiently small e>0 the boundary Cy(e) 
contains a square (of side 3e) containing in its interior the point s=0, 
the square being separated from the other points of Cy(e). Let c(e) be 
the boundary of this square. The part of F,(z) obtained by integration 
over c(e) gives (by the residue theorem) for sufficiently large x: 


k! ds 
We) = 55) See - 8) er 

XLf(s\o(z — s 

SAL sas Pa 

= (- 1) fe) -— OF’ Ov*- °@) 
+++ + (=NYL"OpE)]. 

On the other hand, we see by following the proof of Theorem V.2.1 
that the only possible singularities of the function 


FQ) - he) = 55 [foe - 9) By 


where C3(e)=C}(e)—c(e), are the points of So,,5 + Soo,0. From the form 
of 1,(z) it follows that the only possible singularities of this function are 
those of g(z). Theorem V.2.1 can therefore be made more precise in the 
following fashion: 


THEOREM V.2.2. Under the conditions of Theorem V.2.1, if s=0 is a regu- 
lar point of f(s), then the function F,(s)=> afb, e~ "8 is uniform in the 
half-plane o> H,(o,)+ 2, and the only possible singularities in this half- 
plane of the function 

Fis) — 1,{s), 
where 

TAs) = (-1)"[fO)p(s) — Of’ Ov" s) 

+e + (-DYFMO)e(s)]; 


are the points of So,,5+So.,0- 
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The fact that in Theorems V.2.1 or V.2.2 the two sequences A={A,} 
and M={p,} may be chosen completely independently allows a large 
number of interesting applications. Thus, since the distribution of singu- 
larities of a Taylor series is much better known than that of Dirichlet 
series, one would achieve considerable progress in reducing the problem 
of distribution of singularities of a Dirichlet series to that concerning on 
the one hand the Taylor series whose coefficients depend on the sequences 
A and A (the coefficients and the exponents of a given series) and on the 
other hand, to an investigation of the singularities of a Dirichlet series 
whose coefficients are simple (and given in advance). For example, we 
shall show that in fairly frequent cases an indication of the position of 
the singularities of (A, A) can be obtained by starting out from a know- 
ledge of the places of the singularities of > d, e~*»°, where the d, can be 
expressed in a simple manner by the A,, and of those of a Taylor series 
whose coefficients are formed by means of the a, and A,. 

Let A={A,}, with A,>1, let C={c,} be a complex sequence, and k a 
positive integer. 

We say that C has G={g,} as a generating sequence of order k with 
respect to A if for every n>1: 


Cy > An = m)* ms 
m<An 
In general, a sequence C does not have a generating sequence of a given 
order with respect to a given sequence A. But it is easy to indicate con- 
ditions on A for every sequence C to have a generating sequence of a 
given order k. 


V.2.3. Let e, be the largest integer smaller than d, (n>1). If there exists a 
sequence {n,} such that e,,=n,; and that the determinant A,,(j21) of order 
n, whose term in the p-th row and q-th column is (A,—q)" for 1<p<ny,, 
q<e,, and is 0 for 1<p<nj,, e€,<q<en,, is different from 0, then every 
sequence C has a generating sequence of order k with respect to A. 

In fact, every system S; of equations (in the unknowns g,) 


> (i "aa m)"Sn —1ey 


m<Aj, 


S An, 7% m)* m = Cn 


m<n 
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has a system of solutions. If n;,<m,, (mj,, Mj. € {j}), then the quantities 
gi, gy”, ..., 42 which are the first n,, terms of the solution of the sys- 
tem (S;,) also form a system of solutions of the system (S;,). The set of 
solutions of all the systems (S;) (j>1) thus constitutes a sequence {g,} 
(to every n there corresponds a single g,) satisfying all the systems of 
equations 


> (A, — m)'gm = C1 
m<A. 
i (A, bn m)* m = Cn 
m<An 


V.2.4. If n<A,<n+1(n21), then every sequence C has a generating 
sequence of every order k with respect to A. 
Here n;=j, and it is clear that 


4, = [Ar — IQ2 — 2).--An — mF 4 0; 


the conclusion therefore follows from V.2.3. 
Theorem V.2.1 also allows us to state the following theorem. 


THEOREM V.2.5. Suppose that the function F(s) is represented by (A, A) 
(A, >1) and suppose that the function ¢(s), represented by a series (D, A), 
where D={d,} (d,#0, n> 1), is uniform of order uw, except at the singulari- 
ties, in P,,. Suppose that {a,d, *} has a generating sequence {g,} of integral 
order k > with respect to A, with 


lim sup 28 18el _ a<o, 


the function f(s) represented by (G, N)=> g, e~™ being uniform. 

Then F is uniform and the only possible singularities in the half-plane 
o>max (4, 0)+ 0, are the points of Sz,,0+S;, and the points of Sz5.0- 

This theorem is, in effect, a special case of Theorem V.2.1, where the 
quantities g, play the role of the a, in Theorem V.2.1, the d, play the 
role of the b, in the same theorem, and o, is an arbitrary quantity with 
H,(o,)=a for o,<a. 

So we see, by Theorem V.2.5, that whenever A satisfies the conditions 
of V.2.3 (or, in particular, the conditions of V.2.4), then there is only 
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one Dirichlet series that is not a Taylor-D series whose singularities are 
used to provide information on the singularities of the given series (A, A). 
And, what is essential, the Dirichlet series in question is a series which 
we can choose in advance, (D, A)= > d, e-*’. The other series with 
which ‘we compose’ is a Taylor-D series. 

It can be advantageous to choose d,=1(n>1), in which case the 
series (D, A) becomes > e~*5, the analogue to the series > e~"* for A=N. 
One can also choose d, =1/A’(A,), where 


Oy AG = Tt (1 _ =| bi gS 


and where A,(z) has been defined in I.1.2. In fact, it is known that if A 
is a sufficiently regular sequence, then the series 


e n 
(V6) %s)=2 A) 
presents certain interesting and important features. For example, its 
analytic continuation can be expressed by an integral which represents 
the extension to the complex plane of the Fourier transform of 1/Ap(ix). 
Incidentally, we find that |A’(A,)|=2/A,4,, where {A,} is the sequence 
associated with A. And for A=WN (A,=n, n>1) we have A(z)=sin zz/zz, 


AX(n) = (—1)"/n(A, = 2), 
P(s) = > (-—1)*ne-™. 


We are going to indicate properties of the series (V.6). But first we have 
to evaluate in a particular case the A, in a fairly precise form. 


V.2.6. If the step of A is positive and if there is an integer k such that 
lA, -n| <k (> D), 

then there exists a constant A such that 
A, SAA (> 2k A); 


where A depends only on «=inf (An41—An) and on k. 
We may assume that k>0, since we have just seen for A=W that 


A,=2 (n>v). So we have: 


E Ma An) _ 
fem Aa Nl ls x) CD» 
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where, on the one hand, for n>2k+1, 


xs 1 An 1 
eT. ltr.) 
vec ebay (m + k)? n-2k<m<n-1 Xin 


and on the other hand, 


mr A2 
o> Ta t-8) EL. oh 
E ips ye Xn nh iB (m — k)? 


Let p, be the nearest integer to ,. Evidently, 


n-k-1l<p,<n+k+1, 


An 


Xn 


and the preceding inequalities allow us to write 
Ws Sei 1 — 


r2 
n 
Ee elmore) 
0<|m-n|<2k k+1<m<n-k-1 


1 An 

sitll tg 
-1 

=i 1l. lel, 


where for fixed n we have: 


TTL= I] a AllTQn + TTA, 


0<|m-—n|<2k 


which proves that [],>A,A,**, with A, depending only on a@ and k; 
also:* 


tls = [|sin 7Aq|/7| Pn — Ani ][Pa/An(Pn + An)] > Az > 0. 


Finally, we have: 


Ne te Bl 


m<k 


an 
ad 


An 
—- =) a, ee is 


with T]4<AgAz*, T]5<Aadn *, the constants 4;, A, As, A depending 
only on @ and on K. From this V.2.6 follows immediately. 

Here is the lemma concerning the Dirichlet series with exponents A 
which can play a role similar to that of the series > e~"’, or more pre- 
cisely, > (—1)"” e~™* when A=N, 


O0<|m-nil<k ( 
M#Pn 
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V.2.7. If the step of A is positive and if there exists a constant k such that 
lA, —n| <k 


then the series 


en Ans 
P(s) = > AO,) 
where A(z) is defined by (V.5), converges absolutely for o>0. 
The function ®(s) (the analytic continuation of the series) is even, holo- 
morphic in the part of the plane from which the half-lines o=0, |t|>7 
have been removed; and in the strip |\t|<a we have 


= etsy 


Ps) = A(iy) dy 2 


the integral converging uniformly and absolutely for |t|<a—e«, for every 
O0<e<z. In the strip |t|<a—e the function ©(s) is bounded. 

By V.2.6 and by the equality (see p. 69) |A’(A,)|=2/A,4,, there exist 
two constants M and d such that 


|A’A,)|~2 < Mas. 


Since the step of A is positive, we see that the series (V.6) converges 
absolutely for o>0. 

Now we consider in the plane z=x+iy=re' a closed contour Cz 
formed from the segments 6=a, 0=—a, 0<a<z/2, r<R, and the arc 
of the circle r=R, |@|<a, where R is chosen so that no A, is equal to R. 
By Cauchy’s theorem we have: 

leet sy e7 Ans 
2ni Atica 1@ @ némny (An) 
where N(R) is the number of A, less than R. We show that when we set 
Rin = (m+ Am+1)/2, there exist two constants C and c such that 


(V.7) An = min |A(R, e%)| > CRn° (m > 1). 
Evidently 


> 


(V.8) An 


A(R,) = TT} = 
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and if we denote by M={,,} the increasing sequence formed by the ele- 
ments of A and the quantity R,, (for given m), then we have 
| ACRn)| ~* = Mnit 


where {M,} is the sequence associated with M. Now it follows from the 
conditions and the way in which M has been formed that there exists 
a positive integer / such that: 

| Mn ae n| < I, 
the step of M being positive; consequently, by V.2.6 we have 

Masi = |A(Ry)|72 < Contes = CoURE 
which gives (V.7) (when V.8 is taken into account). 

It follows from (V.7) that on the arc r=R,y, |0|<a<z7/2, we have 

for every e>0 and m>m(e): 

|A@| 2 e-”, 


and for real positive s we can write, as long asr=Rp, |O8|<a (m>m(e)), 
—S$2 


e 
A@) 


< e~ (s cos a-e)r 


So we see that for real positive r (the integral being taken in the positive 
sense) 


eee Wee 
(V.9) lim om $ AG) dz 


i 1 Rm e-srete ; Rm e-sre— ia ' 
= im 5 | - Acre) © dr + ; A(re-**) © ar| 
e7 Ans 


From the conditions on A it follows easily that for a< @<7/2 we have 
ee r 


for every 5>0 
$7? 
| - Gay] <|t- all + ae) 


provided that r and n are sufficiently large. By using next the canonical 
product for cos wz we can state that 
sin (=) 
2 


2, 


<|1 


1 


3" 
A -1 < —j = —ps) 
|cos m2| | (z)| Ci II (1 7 a) Ce 8r 
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where C, and Cy are constants, which proves that for sufficiently large 
rand a<|6|<za/2: 


(V.10) |cos 7z| < |A(z)| e”. 
It is now easy to see that for a<|6|<7/2 the integral 
e~sret? 


(Vall)}te Z,(5):= + Age) e”° dr 


converges absolutely and eee in the part of the plane of s=c+it 
defined by 


tsin 8 — ocos @ < alsin 6| — 28. 


Consequently, the integral (V.11) represents in this half-plane a holo- 
morphic function. It is sufficient to observe that for given 5>0 by (V.10) 
we have 


(V.12) jena) < L| ACr ee) ef sin @—o cos 0+ [sin 6} 


where L is a constant. 
Coming back to (V.9) we see that each of the integrals in the expres- 
sion 
e7srets e7sreie ; 
oi ire gay © a i Ate ° e 
converges absolutely and uniformly in every part of the plane defined by 
(V.13) |t] < ccotata-—e, 


and that its sum is — ®s). 
By applying Cauchy’s theorem and taking (V.12) into account, we see 
that for real positive s 


I,(s) = FE) -e n/2(S) a T_ nj2(S) = Iy(s) oe T,(s). 

The integral in our statement, which converges absolutely for |t|<z 
(by (V.13) with a=7/2), converges uniformly in every strip |t|<a7—e 
and represents — ©(s) in it; this function is bounded in it. Since A(z) is 
an even function, so is (s), and this completes the proof of our proposi- 
tion. 


Remark. If the sequence A is such that to every positive integer k there 
corresponds at most one A, for which k< A, <k +1, in other words, if in the 
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notation of V.2.3 @n41—€n21(n>1) (with A, >1), then the series (A, 4) 
can be written in the form > a}, e~“»*, where L,,=A, and L,, for p dif- 
ferent from all the e,, can be chosen arbitrarily in ]p, p+1] with a.,=a, 
and a’,=0 when p is distinct from all e,. Consequently, by Theorem V.2.5 
the study of the distribution of the singularities of (A, A) can be reduced 
to that of the singularities of a function represented by a Dirichlet series 
(D, L), L={L,}, where the coefficients D={d,} are chosen arbitrarily, 
and to that of the distribution of singularities of a Taylor-D series 
> g, e~", where G is a generating sequence of a certain order with respect 
to the sequence C={c,}, with c,=@ndy ’*. 

The order of the generating sequence depends, of course, on that of 
(C, L), except at the singularities (if such an order exists). 

In any case, it seems essential to us to emphasize that in frequent and 
important cases one can ‘separate’ from each other the difficulties of the 
problem of studying the singularities of a Dirichlet series which stem 
from the double presence of the sequence A and the sequence A, by 
studying, on the one hand, the series in which only A takes part (for 
example, > e~*»§ or > [A’(A,)]~+ e7*»’), and on the other hand, by in- 
vestigation of the singularities of a Taylor series. 

Some of the theorems we have established can also serve in the oppo- 
site direction by permitting us to state that a function represented by a 
Dirichlet series of general type necessarily has singularities at given 
places. 

Let f(s) be a function represented by (A, A) and let k be a positive 
integer. The n-th coefficient of f with respect to the sequence N, of order 
k, is called the n-th Taylor coefficient of f, of order k. We denote this 
quantity by af(n). 


THEOREM V.2.8. Let f(s)=(A, A) be uniform in P,,, and suppose that f 
is of order v, except at the singularities, in this half-plane. 

Let B be a singularity of the function F(s) represented by > a(n) e-", 
where k is an integer with k>v, and suppose that B is not of the form 2mzi, 
where m is an integer. To every e>0 there corresponds an integer p such 
that there exists a point « belonging to S,,,; for which 


la — (2pmi + B)| < «. 


The function 9(s)=> e~"’ is uniform in every P,, and is there bounded, 
except at the singularities. We can therefore apply Theorem V.2.1 to f 


COMPOSITION OF SINGULARITIES 75 


and » with k>v. The only possible singularities of F in the entire plane 


are consequently the points of S,,;+S,=S and the points of S,. But the 
points of S, are at the places 2mmi. If B is a singularity of F, but not of 
the form 2mzi, that is, if it does not belong to S», then this point must 
necessarily belong to S. In other words, either there exists a point 
a, €S,,,, and an integer m such that B=o,+2mz7i, or there exists a se- 
quence e, with a, € S,,;(n>1) and a sequence of integers {m,} such that 
B=lim (@,+2m,7i). In the latter case, for given e>0 and sufficiently 
large n 
|B — om — 2myni| < e. 


Thus, the theorem is proved. 

The theorem we have just proved enables us to associate with every 
theorem that provides a condition for a given point to be the place of a 
singularity of a Taylor series a theorem on general Dirichlet series (of 
finite order, except at the singularities) indicating the position of some of 
its singularities. 


V.3. ‘Fictitious composition’ of singularities 


It is important to be able to state theorems on the composition of Dirich- 
let series for an arbitrary A, without reference to the order of the func- 
tions (except at the singularities) and, a fortiori, without having to assume 
the functions to be bounded (of course, except at the singularities). One 
can make such statements by adding to the sets S;+S, and S, other 
sets that are included in the preceding ones when A=M=N. Before we 
come to such a statement, we have to make some new definitions and 
some preliminary remarks. 

Suppose that f(s)=(A, A) is uniform in P,,. We denote by E,(a, o;) 
the set of points in P,, where f(s)=a. Let y(s) be uniform in P,,. 

We define a set P=P[f, 01; 7, 2] in the following manner: y¢P if 
and only if to every value of a except at most one and to every e>0 there 
corresponds a p,=p,(e)€ E(a,o,) and a B=f(e)€S,,,9 such that 
ly—pa—B| <e. If A=M=N (that is, if the two series are Taylor-D series), 
then PL, o1; y, og] is a subset of S,,,;+So,,0: 


Fis. 0152 2] S Sox,f ig Deas 


In fact, let B,€Soo,9, and po, € Ej(wp, 01) be such that lim w,=00, 
lim (p4,+Bn)=y, Which is possible with the given definition of y. But 
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since in our case (A= M=N) the functions f and ¢ are periodic of ae 
2zi, by writing p.,=Ppo, tipo, We May assume that 


0'<"pa, = 2m 


and that there exist two integers k, and kz such that by setting 
B,=Bi,+ib% we have 2k,8<f,<2k.7, where all the equalities and 
inequalities are valid for every n>1. 

On the other hand, let o’>o,,,. If |w,|>Sup,>.° |f(s)| for n>, then 
all the corresponding p,,, (n>no) are situated in a rectangle 4, defined by 
0, <o<o’', 0<t<27; and consequently the B, (n>np) are likewise situated 
in a rectangle 4,. Hence there exists a sequence {n;}, a p€4, andaPed, 
such that lim po,,=p, limB ,=B, y=p+f. But then pe S,,,5, BE See os 
which proves our proposition. 

It is equally easy to see by Picard’s theorem that if a, € S,,,, and if a 
is an essential singularity of f, then «,+f €P[f, 01; 9, o2] for every B 
belonging to S,,,o. In any case, if f and » are represented by Taylor-D 
series and if we denote by S;,. the set S;+S,, then S;o U PL, a1; 9, a2] 
is the same as S;,5. As to general Dirichlet series, we cannot even claim 
that the closure of this union is equal to the closure S;,5 of S;,o. To have 
composition theorems concerning general Dirichlet series without having 
to introduce the order of the functions (except at the singularities), the 
introduction of the sets P[f, 01; y, o2] seems natural and indispensable. 

If co; =0,= —o, the set P[f, 01; y, 2] is denoted by P[f; g]. Note that 
the two sets P[f; p] and Ply; /] are distinct, in general. 

To grasp the meaning of a set P[/; ¢] it is helpful to say that a point y 
belonging to it is in the case of a general Dirichlet series ‘a fictitious sum’ 
a+ B, where ae S;, BE So. 

We are going to prove the following theorem. 


THEOREM V.3.1. Let F(s) be a function represented by (A, A) (A,>1); 
suppose that the function 9(s) represented by a series (D, A), where 
D={d,} (dn#9, n>1) is uniform and that the sequence {a,d, +} admits a 
generating sequence G={g,} of integral order k with respect to A. If 


lim sup 


log |g, Br. 
n 


and if the function f(s) represented by (G, N) is uniform, then F itself is 
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uniform and the only possible singular points of F are the points of 
S;,0=S;+So, the points of P[p;f), and the points of So. 

Suppose, first of all, that » takes all possible values except one. By writ- 
ing, as in the proof of Theorem V.2.1, F(z) in a form similar to the integral 
in (V.3), where a, is replaced by g, and where b, is replaced by d,, we see 
that og, 7<04,7+0 9,0 (o,;=lim sup log |g,|/n). What we have to show 
is that F(s) is holomorphic and uniform in the part of the complement 
of the set 


S;,0 U So U Ply; f] 


with respect to the plane that forms a domain containing a half-plane 
P,-. In the plane of the variable z=x-+iy, let L be a simple Jordan arc, 
L=L c J, having one of its extremities z* in the half-plane x > On s+ Se, 0s 
and let z, EL. 

There exist a 8>0 and two distinct numbers a and b, a=a(zo), b=b(Zp), 
such that for every Be S, the following relations hold: (1) |z)—f|> 6; 
for every pz € Ey (a, —0), every p, € Ey (b, —00) and every a€ S, 


(2) |zo—a—pal>8, (3) |zo-e—p,|>8, (4) |2—B-a|>8. 


First of all, it is evident that there exists a 5, >0 such that (1) and (4) are 
satisfied for the specified « and B with 6=6,; for otherwise Z) would be- 
long to either S, or to S;,. On the other hand, if there are no quantities 
a and b and a 6,>0 such that (2) and (3) hold with 6=6,, then for every 
5>0 we would have the inequality |Z7—a—p,|<6 for every c, with a cer- 
tain 

Pc E E,(¢, wy 00) 


and a certain «, except possibly for at most one value c=c(8). But clearly, 
c(8) (if this value existed) would have for sufficiently small 5 the same 
value, and z) would therefore belong to P[y, f]. The smaller of the two 
quantities 5, and 5, would be the 5 in (1), (2), (3) and (4). It follows 
from these four inequalities that to every z)¢L there corresponds an 
e>0O, e=«(Z), such that for z € C(Z, «) 


|z — B| > e, |Z — a — pal > , 


|z—a— p,| > «, lIz—B-—al>e. 


The quantity e=e(z)) depends on Zo, but if we denote by e’(zo) the greatest 
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lower bound of all the quantities e(z,) (for fixed z> in L) having the requi- 
site properties, we see that 


inf e'(Z) = 7 > 0 

Zz0EL 
(L being compact). In other words, there exists an »>0 independent of 
Zp) such that for a=a(z) and b=b(zo) every pa € Eo (a(Zo), —&), every 
pp € Eo(b(Zo), —00), every «a € S,; and every Be S, the following inequali- 
ties hold: 

(V.14) |z— Bl >, |z —a — p,| > 9, 

|z— a — pl > 0, Iz — B— «| > 9, 
as long as z € C(Zo, y) with 2) EL. 

We choose finitely many points z$?, z,...,z9 such that 
Zt) € C(z™, n/2) 1<m<k-1), zPeL (1<j<k), z{?=z*, the other 
extremity z* of L being such that zf € C(z®, /2). 

Now lim ¢(s)=0 uniformly in t as o > © (because A, >0, here we have 


A, >1). But it is also known that y(s)40 for sufficiently large o; this can 
be seen by writing 


OS) = 5 a, e 8st = eo" 2 + > d,, silenpoea 


N22 


where the last sum tends to zero uniformly as o-oo. Consequently, 
there exists a o9 such that 
R( paceiy) < 9%, R( Poreiy) < 9%; 


and if o,+e is negative of sufficiently large absolute value and 
S=o,t+etit, then for every ze¢ C(z%, 7) (1<j<k), every BES», and 
every a=a(z§’), b=b(z§’) (1<j<k) we have: 
(¥-15); ult.co8 + ealtam yet etimeal Qties dure Si Bly zens 
Now let Cy(e) be the same contour as that defined in (V.4). It follows 
from (V.14) and (V.15) that if e>0 is sufficiently small, the inequalities 


(V.15) hold for every point s of C#(e) (if o, is chosen negative and of 
sufficiently large absolute value) and also 


R(z* — s) > R(z*) — 04, —2e > ogg te 


(for sufficiently small ¢). If s is a fixed point of C#(e) and if z varies on 
L, the point u=z—s varies on a curve L(s) obtained from L by a 
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translation. One of the extremities u*=z*—gs of L(s) is in the half-plane 
o>0,,o+e; hence we have 


lpu*)| = |p@* — s)| < > |d,| em % a0 +) = M 
for every s € C}(e). 
Now by Schottky’s theorem we know that if D(z) is holomorphic on 
C(a, R), if |P(«)|<N, if D(z) does not assume on this closed disk two 
distinct values a and 5, and if 0<y<1, then on C(a, yR) we have: 


|P(z)| < K(a, b, N, y) < 0. 
Consequently, by setting for fixed s: 
w= 2 —s,..., uf =2 —s, 


we can write for ue C(u*, 7/2) 
lp(u)| < K(a(zs”), b(z0?), M, 3) = Ki. 


that is, also |p(uz)|<K,. By applying Schottky’s theorem again we have 
for u € C(us, 7/2): 


|p(u)| < K(a(zg”), b(20), Ki, 4) = Ko, 


that is, also |p(us)| < Ko, etc. 

Hence, by applying Schottky’s theorem k times we see that |p(z—s)|<B 
when z varies on a channel whose central line is L(s), where s is an arbi- 
trary point of C#(e) and B is independent of z and s. 

It is now easy to see that the integral (V.4) again defines a holomorphic 
function on L. The rest of the proof is a simple matter. 

In the preceding we have assumed that ¢(s) takes all the possible values 
except at most one. If y(s) does not take two distinct values, the proof 
becomes easier, because if a, and 5, are the two values which ¢(s) does 
not take, then the last passage of the proof where Schottky’s theorem is 
applied can be used directly with a(z§)=a,, b(z§”)=b, (1<j<k). 


V.4. Composition of functions of rapid growth 


In this section the permitted growth of the analytic continuation of a 
series (A, A) (except at the singularities) exceeds that of every power of 
|t|. This growth can be expressed by the inequality 


log |f(s)| < C({¢)), 
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where C(t) (t>0) increases to infinity, and the only condition imposed on 
C (as to its growth) is the convergence of the integral of C(#)/t? over 
[a, co[ (a>0). The convergence of such an integral plays a very charac- 
teristic role in the study of entire functions that are extensions to the 
complex plane of the Fourier transform of functions of compact support. 
The study of such entire functions is indispensable for what follows. 

True, the next lemma is much more precise than the proof of the 
theorems on the composition of functions (and their singularities) de- 
mands; a simpler and less precise form would be sufficient by and large, 
but the form in which we give it here will be essential for the arguments 
of Chapter IX. 


V.4.1. Let C(x) be a non-decreasing function that vanishes in a neighbour- 
hood of the origin. Suppose that 


ibe ie dx < ©, 
1 


x 


and set for a>0: 
ig) = ! ” co cs 


Let p and q be two constants such that p>2, 0<q<p-—2. 
For every a>O there exists an even entire function F,(z) satisfying the 
following conditions: 


(V.16) [F(z] S eee E Te), 


where L,(x) is a positive and even function decreasing for x>0; L,€L, 
||L,||=1, the Fourier transform F,(u) of F, is real, non-negative, even, and 
satisfies the conditions: 

e~ C(a-0) 


(V.17) Fv) = eve Die ae) for |u| << qeh(a) 


(V.18) F,(u)=0 for |u| > peh(a). 
We recall that the Fourier transform of F (if F € L) is given by 


Fu) = i F(x) e-™ dx 


(we do not put a factor before the integral; when the lower and the upper 
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limits of integration are —oo and +00, respectively, we do not write 
them down). Finally, we recall that || || (for f¢Z) denotes the norm of 
J in L, that is, the integral of |f| over ]—00, oof. 

The proof of Lemma V.4.1 is based essentially on the following lemma. 


V.4.2. Let {un} be a sequence of positive numbers such that 


(V.19) Dd pn < 00. 
Then the product 


(V.20) F(z) =T] 


SIN [_Z 
MnZ 


converges uniformly on every compact set of the plane of z=x+iy; it 
represents an entire even function; and if we set: 


(V.21) w=D bn 
S(u) = inf (seus. -fgu)* 
then® 
(V.22) |F(z)| < e*!*'S(|z)). 
If F is the Fourier transform of the restriction of F to R, then 
(V.23) Fu) = 
By ae) Un 
2m lim dt, { diy... | Petits tone aut ethes 
De wae ie ~He —Un 


where 


1 
——————— for |u| < basi 
n+1 oes 
fol) = 42" 'P Ha Pent 


0 for |u| > Mn41- 


With the determination lim,_,, log sin z/z=0 we have: 
1 2 
log == = -7 4+ O(z*) (z>0). 


Consequently, as z varies on a compact set D, 
> log 


converges uniformly ® by virtue of (V.19). 


SIN pnZ 
fink 
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Since |sin z| <e!!, |sin z| <|z| e'¥', we write for 1<k<n 
[sin p.z| < eMel¥!, 
and for k>n (n>0): 
|sin pyz] < py|z| evel! 
So we obtain for every integer n>0: 
sin REZ 1 
MZ MipPlg ++ Hnl2| 


from which (V.22) follows. 
As to (V.23), we remark that when ¢,(u) denotes the expression follow- 
ing ‘lim’ in this equality, then we have the convolution 


|F@]| = 


Hl y| 
Cae 


Lf 


Pn = Pn-1 * fn» (n > iy? 71 =fi, 


where f/f, is, incidentally, the Fourier transform of (sin u,x/u,x)(27)7?. 
Thus, 27@, is the Fourier transform of 


SiN [4j,X 

(V.24) Il ne 

Since the product (V.24) tends to a limit F(x), and since this product 
is bounded by a function independent of n and belonging to L, the limit 
in (V.23) exists and is equal to the Fourier transform of the limit of 
(V.24) (as n > 00), that is, to the Fourier transform of F(x). 

Now we proceed to the proof of Lemma V.4.1. 

Let C,(x) be the function that is zero for 0<x<a and equal to the 
restriction of C(x) on [a, co[; we set Q,(t)=E[C,(e't*)] (we recall that 
E[d] denotes the integral part of (d)). It follows from (V.15) that the 
integrals” 


[- _etoma=(" do. 


converge, where the equality of the two integrals is a result, after inte- 


grating by parts, of the fact that there exists a sequence N;+0o such 
that 


0AN,) ea —_> 0. 


Now Q,(t) is a step-function whose jumps are positive integers m, 
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(K2>1); if q, are the abscissae of these discontinuities, we set Vy=er~% 
and let {,} be the set of the v,, each counted m, times. 
Then: 


(V.25) Im =f" “edgy =F Olt) e~* dt 
= e[ be = eh(a). 


We now construct the function F(z) of Lemma V.4.2 with the », we 
have just defined. We set B=(p—q—2)eh(a)/2, y=(p+q)eh(a)/2 and 
2. CS-Or'1 sin BZ sui 17 


Nee. aes ie 


Then: 
sin yz sin Bz 


yz fz 


<< ef? t Blut min ( 


| BP) 


kz Coat DN ec amine 
nex 1 + Byx® 


which enables us to write (for the chosen values of 8 and y) 


(V.26) | F,(z)| <a : ebtn ly] Teel) ILA) 


7 1 Ee — Deh(@ly| — Cia - | F(z) |L,(x), 
e 


where ||Z,|| =1. 
For a given choice of the », we can write (V.20) in the form 


10g FES i A ___, flog (sin e~'2) + 1 — log 2} d0,(0 


(with the evident determination of the log under the integral sign). 
Since S(|z|)<(p1, v2... Pnlz|")~* no matter what n is, we can write 
for y>0 and any B>0: 


loglF@l<yf  etda+ [rao 


B 
log a-1- 


B 
= loge [| 42s(0. 
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By setting B=log |z| and integrating the second integral by parts, we 
find: 


log 
log a— 


roe) lz] 
log F@)I < y [ ed) — [Ou at 
log a-1-0 1 
foe) log |2] 
=y[°  Qmeta—-["" ounae 
log a-1 log a-1 
fo) log |2| 
< ey i OO di * E[C(e*)) de. 
a Uu log a-1 
And if |z| >a, we can write 


log |F(2)| < ey fs LO ay ns | mel?" ElCte*)] dt 


log |2z|-—1 


IN 


ey [ LO) — C(\z|) +1 


ll 


eh(a)y — C(\z|) + 1. 


This inequality combined with (V.26) yields (V.16). For |z| <a (V.16) 
follows immediately from (V.26) and from (V.22), written down for the 
function F that occurs in our proof (in which we can replace S(|z|) by 
1; w does not exceed eh(a)). 

We now define 4, and 4, as follows: 

Afu)=1 for |jul<y, 4,u)=0 for |u| >y 
A,(u) = 55 for Wl<B. 4a) =@ tor lu) > B 


Then we have (with our choice of B and y): 
F,(u) = VBly e~F@-O4 (y) * A,(u) * F(u). 


But it follows from (V.25) that for p=dp,, y=(p+gq)eh(a)/2, 
B=(p—q-—2)eh(a)/2 we have: y—B—p2>q; and by (V.25) and the defini- 
tion of the f,: 


A,(u) * 4,(u) * Fu) = 4,(u) for |u| <y-B-p. 
So we have, in particular, (V.17). Now (V.18) follows from (V.16) and 


from the Paley-Wiener theorem.® Thus, Lemma V.4.1 is proved. 
Now we are in a position to state the following theorem. 
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THEOREM V.4.3. Let M={p,} be a sequence of positive step h, and A a 
sequence such that 


(V2 A, Bal Be 


Let C,(u) and C,(u) be two increasing functions on [0, cof with 
(V.28) i ee [SP au < «, 
1 u 1 Uu 


C.(u) being concave. 

Suppose that f(s)=(A, A) is uniform and does not increase in P,,, ex- 
cept at the singularities, faster than e%1"*”, and that 9(s)=(B, M) is uniform 
and does not increase in P,,, except at the singularities, faster than e°2'*), 

We set C={cy}, where Cy=Anb, (n>1) and let F(s)=(C, M). Then: 
Gq,r <0q,¢+00,9. For o>02+ H(o,) the function F(s) is uniform, its only 
possible singularities in this half-plane are the points of S,,,;+So.,0; and 
in this half-plane F(s) does not grow, except at the singularities, faster than 
eCa6ltl), 

The proof of this theorem does not differ materially from that of 
Theorem V.2.1. Taking c>o,,; we consider this time the integral 


(v.29) GG) = [fee - s)H(—W) ds, 


where H(z) is an entire function of exponential type which decreases 
like L(x) e~%@-°2™, I(x) EL, in every strip |y|<d. In the proof of 
Theorem V.2.1 we considered a similar integral, where instead of H(—is) 
we had the function s~*~1 (k>v+y, v and p being the orders of f and of 
y, respectively). It is the strong decrease of H(—is) in every strip |o|<d 
(as |t]| > 0c) which permits us to compensate the strong increase of f 
and of ¢ in such a strip, except at the singularities; and the fact that H 
is an entire function makes it unnecessary to add s=0 to the singulari- 
ties of f on integration, in other words, there is no need to introduce 
Soo, aS subset of the set of possible singular points of F (as this is the 
case in Theorem V.2.1). Another important advantage compared with 
Theorem V.2.1 is the very simple expression c,=a,b, for the coefficients 
of the compositum. 

On the other hand, Theorem V.2.1 has an equally important advantage 
over Theorem V.4.3 in the fact that no assumption is made on the se- 
quences A and M; whereas in Theorem V.4.3 we assume that the step 
of M is positive and that (V.27) holds. 
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Since the change of finitely many coefficients and exponents in (A, A) 
and in (B, M) does not alter anything in the conditions nor in the con- 
clusion of the theorem, we may assume without loss of generality that 

(V.30) Angi — An > yp =h-—8>O0 (2B l), 
where 6 is sufficiently small so that also 

(V.31) [An — Hal < 8 < /i/2. 


We are now going to define the function H in (V.29). According to the 
conditions (V.28) and Lemma V.4.1 we may choose the constants 
P; 9, a So that by setting 


C(x) = Ci(x) + Co(x), 


there exists an even entire function F,(z) satisfying (V.16), (V.17) and 
(V.18) with 


that is, 
| F(z)| < eMs/2)iul CUD T(x), (L(x) EL), 
L(x) being an even function, decreasing on [0, oo], 

(V.32) Fu)=P for |u| <g, 

(V.33) Fu) =0 for |u| > h,/2, 
and P a positive constant. 

We now set H(z)=F,(z) and consider the integral (V.29) with c>o,,;, 
the integration being taken over the line o=c. By imitating the argument 
in the proof of Theorem V.2.1 we see that (V.29) converges uniformly in 
every compact set of the half-plane x>o,,,+¢ and that 


c+io 
@(z) = > bn | Ss en ~ m8 H(— is) ds. 


C-—1 
We have also 
c+10 
[ S dp etn ~>w* H( — is) ds 
e-ia 


c+io 
= > Bea { en — ms H( — is) ds, 
qa 


too 
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and, given the properties of H, by applying Cauchy’s theorem we have 


[ ind eA Is) de 7 i ella > H(t) dt = im — pn). 
Therefore we can write: 
P(z) = 71> b, E72? > anH(Aq — py): 
But by (V.31), |#n—An|<g; hence, by (V.32): 
Aun — Ax) = P > 0. 
And by (V.30) and (V.31), when m#n, we have |A,—A,| >/,/2, that is, 


H(An—An) =0 (see (V.33)). 
Thus: 


(V.34) (2) = iP > a,b, e='»", 
and so 
F(z) = —iPG(z). 
Evidently, 
oan = lim sup log |¢pl/n 
< lim sup log |a,|/A, + lim sup log |b, |/u, 
= 04,5 + O,0- 


The rest of the proof goes as for Theorem V.2.1. We construct the same 
division; we define ®,(e) in the same way, with one exception: we do 
not attribute any special role to the point s=0: it only occurs if belong- 


ing to S,,,; like all the other points of this set. 
Observe that since C,(u) is an increasing concave function for u>0, 


we have: 
(V.35) Cir - yl) < C,(|t] + ||) < C2(|¢|) + C2(|y)|). 


When we now define C#(e) and 4 as in the proof of Theorem V.2.1, 
except that in the definition of 4 the inequality 


x > max (A; (ce), 0) + G2 + 2e 
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is now replaced by 
x > H;(o,) + og + 2e 
and the relation 
VE(Ss FS DVS gowby 7 ES..6 + So.5 


then the arguments used in the proof of V.2.1 lead us first for s € C#(e) 
and z €4 to the inequality: 


lo — 8)| < Neu-¥0; 
that is, by (V.35) to: 
lo(z — s)| < N Sail) +Catlyb ; 


and finally, for z€4, where ® is holomorphic and uniform, to the in- 
equality 


|D(z)| < P(e) eal, 


which completes the proof of the theorem. 

We conclude this section with a theorem that can be obtained from 
Theorem V.4.3 in exactly the same manner as Theorem V.2.8 is obtained 
from Theorem V.2.1. 


THEOREM V.4.4. Suppose that for A 
[An my n| < k< 4, 


where k is a constant, and that f(s)=(A, A). Suppose also that there exists 
a point «=04,;+ ity having the following properties: 

(1) f is holomorphic in the set of disks C,=C(«+2gqmi, 5), where q is 
an arbitrary integer and 8 a constant. 

(2) There exists a positive increasing sequence {pm} such that in Csm 
(m>0): [f(s)|<pm and that 


log p 
a ge < @. 


The function F(s)=(A, N) (a Taylor-D series with Og,r=9,,5) then has 
an analytic continuation into the C,. In particular, « is a regular point for F. 
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To obtain this theorem it is sufficient to set in V.4.3 
— 1 oo —ns 
0 we teal > 
where / is the function in V.4.4. 


V.5. Composition of ‘Hurwitz type’ 


First of all, we recall Hurwitz’ original theorem on the composition of 
Taylor series.° We do this just as incompletely as in the statement of 
Hadamard’s theorem in V.1. 

If E, is the set of singularities of the function represented by 
> 4,z~"*, Ey the set of singularities of the function represented by 
> 5,z~°* and Ez the set of singularities of the function represented 
n 
1 
point e; of E3 there corresponds a point e, of E, and a point e2 of Ez such 
that es =e, +o. 

If z=0 is a regular point for the function $(z) represented by > a,z~™*, 
we say that the function f(s) represented by > a, e~*S is regular at 
—oo. We say that —oo is a singularity for f(s) if z=0 is a singularity of 
(Zz). 

By setting z=e* Hurwitz’ theorem can be stated in the following way: 

IFts) > ape Ot, ofS) Dob, en ts andeF(9)= degen on™ with 
Cn = Ando + (i 
than the points y of the form y=log (e*+e*), where a@ is a point of S; 
and f a point of S,. Evidently, if «= —oo is a singularity of f, this point 
must also be regarded as belonging to S,, and every point log (e" ® +e°) =f 
belonging to S, must be regarded as a possible singularity of F. Thus, 
if B= —oo is a singularity of ¢, then every « of S;, is a possible singularity 
of F. 

Let 6(s)=> d, e~*»§ be uniform. We say that s= —oo is a regular point 
of 9 if the following three conditions hold: 

(1) &s) is holomorphic in a half-plane o< oo, 

(2) @(s) tends to a finite limit, which we denote by (—0o), uniformly 
in ¢ as o tends to —oo. 

(3) [A(s)—0(—co)] e~* tends to a finite limit, which we denote by 
6’(—oo), uniformly in t as o tends to —oo. If one of these three conditions 
does not hold, we say that s= —0o is a singularity for 0, that is: —00 € Sy. 


by > 6,2" “*,’ where c,=a,bo+ ( Ja, by +++++aob,, then to every 


Jay abit +++ +aaby, then F(s) has no singularities other 
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We obtain a simple generalization of Hurwitz’ theorem if one of the 
two series is a Taylor-D series, the other being of arbitrary type. 


THEOREM V.5.1. Suppose that the two series 
f(s) = Sane", G(s) = Dn e7An+18 


are uniform in the whole plane. Let {l,} (n>1) be the sequence of all the 
sums \,+m (where q>1 and m>0 are integers), these sums being written 
in increasing order,'® and set: 


dn — 2 e3 And, A(Q, m), 
where 
A(q, m) = YgsiQgsr + 1).--Aaer +m — D/m! (q > 0,m > 1), 
AQ, 0) = 1, 
the double sum being taken over all q>0, m>0, for which Xq.4+mM=Ih 41. 
We set 
F(s) = didyen eta’, 
Then 
Ou,r < log (e%ar + 0), 

F(s) is uniform, and the only possible singularities of F at finite distance 
are the points y of the form y=log (e*+e%) (with all determinations of 
log), where « and 8 are arbitrary points of S, and So, respectively, and the 
limit points of this set.1+ 

If — 0 is a regular point of f, then there exists a 8>0 such that |e*+ e°| > 8 
for every «€ S; and every B € So, and if F(s) is holomorphic in a half-plane 
a<0p, then F(s) tends to a finite limit as o tends to —«, uniformly in t 
(s=o+it). 

Let c>o,,,; and let us show that for sufficiently large x: 


(V¥39 "FOYE [” f@pllogeepeday 


2m Je 
where for c=c and for sufficiently large x 
(V.37) flog (e* — e*)] = > by (e? — e8)~*n+1 
= > b, e7 *+27[1 — e&—?] Anata 


= > b, e7>n+2? > A(n, m) em», 


COMPOSITION OF SINGULARITIES 91 


the integration being taken over the straight line segment joining the 
points c and c+ 2zi. If log |e*—e'|>c>o,,o, then the integral in (V.36) 
can be put in the form 


C+ 27i 
(V.38) i f(s) > by e780 432 > A(n, m) e™S-» e° ds 


= > > 0,A(n, m) e~ On +1 7m? [4 eu ds 

and since the last integral is nothing but 27ia,,, we see that (V.36) holds. 

The equalities we have established remain valid when the a, and 5, 

are replaced by their absolute values; consequently F converges abso- 

lutely for x>log (e°+e%«°), and since c is arbitrary as long as c>o,,,, 
we see that 


Oar < log (e%4r + e%,0), 


Let o1<0,,;; we denote by E(c,) the set of singularities of the analytic 
continuation of > a,z~"~1+ in |z|>e%:; for e>0, let E(o;, e) be the union 
of finitely many disks C(z, <) containing E(c,) with ze E(c,). We write 
S.,,s(€) =log E(o1, ¢); this is therefore the image under log of E(ai, «) 
(s € S,,,;(e) if e* € E(oi, e)). 

Let D(o,, «) be the largest domain composed of points of the rectangle 
0, <0<c, 0<t<2z that do not belong to S,, ;(e) and whose boundary 
contains the points of the interval o=c, 0<t<2z7 (this is possible if 
e>0 is sufficiently small, which we assume). We write 


pllog (e* — e*)] = ¥(Z, 5). 
If z is fixed with x sufficiently large, then 
D(z, s) = f(s)p(z, 8) e° 


is a holomorphic function of s on D(o;, ¢), where (z, s) is the analytic 
continuation along curves (on which only s varies) situated in D(a, «), 
of the function given on o=c by (V.37). The function © (for fixed z) takes 
the same value at the points o’ and o’+2mi belonging to the boundary 
B(oy, «) of D(a,, «). 

If we denote by B*=B*(o,, «) the boundary of B(o;, 2) composed of 
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the points that do not belong to o=c nor to the lines t=0 and t=27 
(on which 9, for given z, takes the same value by virtue of the manner in 
which S,,,(e) and D(o;,) have been constructed), then by Cauchy’s 
theorem we have 


(V.39) FG) = so ie {Gi ee de 


Let 4 be a compact domain containing points of the half-plane 
x> log (e°+ a’), such that for every z € 4, every s € B*, and every Be So, 
except for B= —0o in case —o0 € S, we have: 


(V.40) |z — log (e® + e%)| > a 
(V.41) |z—s + 2k7i| > eg (k any integer), 


where e, and e, are two given positive quantities, and all the determina- 
tions of the logarithms are taken. 

Hence there exists a 6,>0, an e>0, and an N>—o (6,=6,(e), 
e=e(e,), N= N(e2)), such that for ze 4, se B*, BE S, (BA —&) we have: 


le? — e§ — e®| > 8, 
log (e2,—.e") = /B| >. 2 
& log (e* — e°) = log |e? — e’| > N. 


The integrand in (V.39) is a holomorphic function of z and of s pro- 
vided that ze 4, se B*; therefore F is a holomorphic function in JZ. 
Since «, and eg can be chosen arbitrarily small and o, negative, of arbi- 
trarily large absolute value, we see that F is holomorphic in every com- 
pact domain containing points of a half-plane o>log (e°+ e%«.°), but not 
containing any point of the form log (e*+e*). Hence if s= —o is a singu- 
larity for y, the theorem is proved. 

Suppose now that s=—oo is a regular point for ». If we define 4 
as above, but omitting the condition (V.41), we can show that F is holo- 
morphic in 4. 

In fact, #(z, s) is holomorphic as a function of z in A if for ze 4, z=s, 
we give to # the value of »(—0o); for % is then a continuous function of z 
for fixed s, and this function is differentiable with respect to z as long as 
z€A, This is evident for z=z,) € A, with z»>4s (mod 2z/). 
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And if z>=s (mod 2z/i), then: 


qvi42) BD) tim $9) = Ae) 
OZ Z=29 2729 he Zo 
_ tim YON -— Aw) ee _ 
Me en 52 gate ea 


Zz 720 


From the fact that # is holomorphic in 4 for every s ¢ B* it therefore 
follows that F is holomorphic in 4. 

Suppose now that —oo is a regular point of f. 

Observe that the set (S,,_,), which is the subset of S,, , contained in the 
strip 0<f<2z7, contains the points of the interval L(c,) given by c=a, 
O0<t<2z. Let > (a, 2) be the union of the images under log of the disks 
C(z, s) forming part of E(c;, 2) and containing the points of L(c). Since 
—o is a regular point of f, we see that it suffices for —c, to be sufficiently 
large (e>0 fixed) for the following facts to hold: on the one hand, 
> (c;, 2) is separated from the images (under log) of the other disks of 
E(o,, e), and on the other hand, fis holomorphic on > (0, e). Given that 
z>O is chosen sufficiently small and that such a choice of o, has been 
made, let /=I(c,, 2) be the boundary of > (o,,¢e) and C*=C*(o,, e)= 
= B*(c,, 2)—I(a,, 2). By (V.39) we can then write: 


(V.43) FZ2== = | S(s\W(z, 8) e ds + aI. S(s)W(z, 5) & ds. 
We see that the last conditions of the theorem are satiated and that 


the first integral in (V.43) vanishes for sufficiently large x, because then 
the function to be integrated over / is holomorphic as a function of s 


on > (a, 2) of which / is the boundary. Consequently we have 
1 
(V.44) F(z) = =| S(s)\(z, 8) & ds. 
TL Joe 
Now this expression tends to 


i ail. f(soai + 8) e ds 


uniformly in y, as x tends to —o. 
This completes the proof of the theorem. 
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It is easy to verify that Theorem V.5.1 contains as a particular case 
Hurwitz’ theorem in its most complete form (at least for uniform func- 
tions): 4,=n (n>1). It is enough to note that the assertion that the 
analytical continuation of ¥(z)=> d,z~"~+ is holomorphic for 0< |z| <7 
and tends to a finite limit as z tends to zero is equivalent to the fact that 
this function is holomorphic in |z| <7. 

A theorem of a more general character concerning two Dirichlet 
series (A, A) and (B, M) of general type, the exponents of the series 
being distinct a priori, can be obtained by introducing the notion of the 
order of each function (except at the singularities). 


THEOREM V.5.2. Let f(s)=(A, A) be uniform of order v in P,,, except at the 
singularities; and let y(s)=(B, M) be uniform of order » in P,., except at 
the singularities. Let k be an integer greater than v+, and let a(n) be 
the n-th Taylor coefficient of f of order k. Let L={l,} (n> 1) be the sequence 
of all the sums \4+m (q>1,m21), where the m are positive integers and 
the sums are written in increasing order,}? and set 


d, = 2 2, ay? (m)b,A(q ai, m), 


the A(q,m) being defined as in V.5.1 and the double sum taken over all 
q22, m21, for which r4,-,+m=l,. 
We write 


max (0,,;, 0) = o, 
max (H;(c,), 0) = o;. 
Let** F(s)=(D, L) (D=({d,}). Then 
(V.45)  og,7 < log (e% + e740), 
F is uniform in the half-plane o>\og (es +e%2), and in this half-plane the 
only possible singularities of F are the points of the form 
y = log (e* + e), y = log (e® + 1) 


where «€ S,,,; and B € S,,,0, and the limit points of this set of points (with 
all determinations of log). 
Let c> max (0, o,,,) and let us show that 


(V.46) Fe) == ite Aellog (e* ~ e) seer 


where 9[log (e*—e*)]=¢(z, s) is given by (V.37) for sufficiently large x. 
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In fact, the expression on the right-hand side of (V.46) can be written 
(see (I.3.2)) for sufficiently large x as: 4 


k! Cc +10 = 
mil. FS) ob, Os” SAG = 1, m).e"*- ° Fi si 
=. Miz k! Ms ds 
= > db, > A(n — 1, m) e~ Ont ™ a ~ Soe yer 


= >> aP(m)b,A(n — 1, m) e7 Ont = ¥ d, em 'n?, 


These inequalities are valid for x>log (e°+e%«0). They are valid for 
the same values of x when the a, and b, are replaced, respectively, by 
la,| and |b,|. This proves that (D, L) converges absolutely for the same 
values of z. But since c is chosen only to satisfy the maa me 
c>max (0, o,,;), we see that (V.45) holds. 

Now let c> max (0, 01, o,,;). If we define Cj(e) just as we have done it 
in writing (V.4), we see, as in the proof of (V.4), that 


(V.47)\ FG)'= x bee S(s)pllog (e? — e°)] ae 


Now let 4 be a compact domain containing points with x > log (e° + e%.0) 
and such that for an arbitrary «> 0, for every z € 4, every a € S, and every 
B eS. we have: 


|z — log (e* + e*)| > « 


(no matter what determination of the logarithm is taken). 
Suppose also that for ze 4 


(V.48) x > log (e+? + e%2). 
We see that to every s € C#(e) there corresponds an a € S,,, such that 
ler — e*| < 4 = a2), 


where 7(e) tends to zero with «. 
From the various inequalities above it follows, on the one hand, that 
there exists a 5>0 such that for sufficiently small ¢ the following in- 


equality holds for every ze 4, se Ci(e) and every B € S,,,0: 


\log (e* — e’) — B| > 8. 
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On the other hand, it follows from (V.48) that for z€4, s € C{(e): 
(V.49) Allog (e* — e°)] = log |e? — e'| 
> log (e* — e”) > log (e* — e%+*) > ap. 
In other words, if ze 4, s¢ C#(e) and if 5>0 is given, then for suffi- 
ciently large |arg (e?—e*)| 
|p[log (e? — e*)]| < M(8)| arg (e* — e°)|**?, 


where arg (e?—e°) is well-defined, because we see according to the expan- 
sion we have given for (e?—e*)~*» that log (e*—e*) is taken real for real 
z and s, and that for the other pairs of z and s this function is defined by 
analytic continuation. 

But from the fact that 4 is a compact set it follows that there exists a 
constant A <co such that for ze 4, s € Cf{(e) and sufficiently large |r|: 


larg (e? — e*)| < Alarge’| = Alz|. 


Hence, on the one hand, to every 6,>0 there corresponds an 
N2=N,(62) such that for sufficiently large |t| 


Ip[log (e* — e*)]| < Na(8s)|t|**%, 


and on the other hand, to every 5;>0 there corresponds an N,(8,) such 
that for s ¢ Cf and sufficiently large |t| 


|f(s)| < Ni(8,)|t|"*%. 


Therefore, if 5, and 6, are chosen sufficiently small, then (V.47) con- 
verges uniformly in 4 and defines there a holomorphic function. 

Our theorem is now proved. 

Theorem V.5.2 can be strengthened in the following manner: 


THEOREM V.5.3. If s=0 is a regular point of f(s), then under the same 
assumptions and the same notation as in Theorem V.5.2 the following 
conclusion holds: 


FS) z= > dy @-'n* 
is uniform in the half-plane P: 


o > log (es + e%2), where of = H,(o,), 
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and the only possible singularities of F(s)—I(s), where 


1) =) EEN 


+ @f@ tle — 1) 


+ +++ + f(O)pflog (es — 1)], 


in the half-plane P are the points y of the form y=log (e*+e*), where « 
and B are defined as in Theorem V.5.2, and the limit points of this set (all 
the determinations of the logarithm must be taken). 

The passage from Theorem V.5.2 to Theorem V.5.3 is analogous to 
that from Theorem V.2.1 to Theorem V.2.2. 


e=0 


Remark. If the functions f and ¢ occurring in the various ‘composition 
theorems’ of this chapter are not assumed to be uniform, then the corre- 
sponding statements still remain valid, provided that we denote by S,, 
and S,,,9 the singular sets of f and ¢ (in the half-planes P,, and P,., 
respectively) to which we add cuts which make these functions uniform 
in the exterior of the sets so obtained. But in the conclusions we can no 
longer claim that the composite function F is itself uniform in the corre- 
sponding domain. 


NOTES 


1 A great many authors have assumed erroneously that the statement which follows 
is valid in all cases. 
2 A(o,, «) is clearly closed and connected and contains a half-plane o> o2. 
3 If A and B are two point sets, then A+B denotes the set of all the points «+B 
such that ae A, Be B. 
4 If A, =p, the expression sin 7A,/A7,[1—2/pz] must be taken as representing 
II @ — palm’). 

M#Pn 
5 For n=0, by definition (p41... #nu")~ 1 is equal to 1. Thus, S(u) <1. 
® On D this sum only begins with the term 7 (n>no) So that sin u»z does not vanish. 
The determination of log is evident. 


7) b 
7 For a Stieltjes integral f s denotes the limit of [ if e tends to zero through 
a— a-é 


positive values. 

8 We recall the Paley-Wiener theorem (at least that part which we need): if F(x) 
belongs to L on R, then a necessary and sufficient condition for F to be the restric- 
tion of an entire function F(z) satisfying the inequality |F(z)|<A e*'”' (where A is a 
constant) is that the support of F(u) should belong to the interval [—a, a]. 
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°In the following statement, as in Theorem V.5.1 the summations > extend over 
n > 0 (and not over 2 = 1, which is our convention if no limit is stated). 

10 In this theorem, as in Theorem V.5.2, the /, are arranged in non-decreasing order 
rather than in increasing order, because two pairs (g:, m:) and (gz, m2) may yield 
the same /, = Aq, +711 = Ago + M2. In the series for F the same exponent can therefore 
occur several times. But this does not affect the proof at all. 

11 If —c € S;, then every y=log (e~ © +e%)=f+2kzi must be regarded as a possible 
singularity of F. Also, if —o €S,, then every a+2kzi, where a€S;, must be re- 
garded as a possible singularity of F. 

12 See Note 10. 

13 See Note 9. 

14 We recall that af(m)=0 for m<p4. 


CHAPTER VI 


SOME APPLICATIONS OF THE PRINCIPLES 
FOR ANALYTIC CONTINUATION 


VI.1. Arithmetic properties of the exponents and the 
analytic continuation 


In this section we give an account of some applications of the arguments 
in II.1. Our aim is to show that the exponents of a series f(s)=(A, A) 
which are ‘distinguished’ from the other exponents, for example, by their 
fractional parts, play a role which one could describe as ‘autonomous’ 
in the determination of the properties of the analytic continuation of the 
series. The coefficients of the series corresponding to these exponents 
already indicate certain important characteristic features of the continua- 
tion, which remain in force, no matter what the values of the other co- 
efficients are. Thus, if A* < A has the property that every A,,¢ A* has 
a fractional part different from that of all the other A, € A, n#n,, then 
the order of magnitude of the a,, determines a set of domains (obtained 
from any one by all the translations 2kzi, k being an arbitrary integer), 
where f cannot be holomorphic and bounded. 

One could compare the following theorems with those of Chapter 
VII, which while providing conclusions concerning the analytic continua- 
tion starting out from the arithmetical character of a subset of exponents, 
are nevertheless of an entirely different nature. 


THEOREM VI.1.1. Suppose that f{(s)=(A, A) with o,,;=0 and that A* < A 
is such that every ,, € A* has one of the following properties: 

(1) Any # An (mod 1) for every n#n;; 

(2) A,, is an integer, and if there is another integer 4, € A, then one of 
the two inequalities \,,>2A, Or Ay >2An, holds. 

We set* 


1 n 
(VL.1) lim sup salt nee 
ny 


and assume that o,> —log 2. Let to be arbitrary real, and 


0<e< log2 + 49;; 
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we denote by © the rectangle 
o, —e<oa<e,|t —to| < 3 arccose* < =. 


The function f(s) cannot be holomorphic and bounded in the union of 2 
with all the rectangles obtained by the translations 9+2k7i (where k is 
an arbitrary integer). 

We set 


F(s) = >a e7An(F1—E ttt) e-~ Ans = > Cy en ns = (C, A), 


and denote by D the domain in the plane z=r e” which consists of the 
union of the disk |z|<e%: with the domain defined by r<l, 
|6| <3 arc cos e%1~*. 

One easily verifies that the starred curve ['* defined by r=cos 6/3 
(|6|<7) (see 11.1.3) is in the interior of D apart from the point z=1, 
and in particular, that the part of [’* for which || >3 arc cos e’1~® is 
situated in the closed disk |z| <e71~°. 

If the conclusion of the theorem were not satisfied, that is, if f(s) were 
holomorphic and bounded in the union of the rectangles defined in the 
statement of the theorem, then there would exist a starred curve G* 
sheltering [’* such that (C, A) would be holomorphic and bounded in 
2D(G*). 

Suppose, for example, that the condition (1) is satisfied for all A,, 
belonging to A*. By applying Theorem II.1.3 we would obtain 


lea,| = [a,,| e-*92-? < B, sup [F(s)| = P, 
se LYD(G*) 


where P is a constant, and this would give 


log la 
g | "at < 


ny 


lim sup 01-8} 
this is a contradiction to (VI.1). The arguments used in the proofs of 
Theorems II.1.3 and II.1.4 allow us to draw the same conclusion as long 
as we assume that one of the conditions (1) or (2) is satisfied for every 
An A*, 

Theorem VI.1.1 immediately suggests the following more general 
theorem: 


THEOREM VI.1.2. Let f(s)=(A, A) with o,,;=0. Let I'* be a starred curve 
defined by r=r(8)(|@|<7=), where r(@) is a (strictly) decreasing curve on 
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[0, 7], with r(7)=a (0<a<1), and let 
Hr) (re [a, 1)) 


be the inverse function to r(8). Let D(z) be the function attached to I’*, 
and let A* < A be the set of d, each of which is distinct modulo 1 from 
all the other members of A with respect to ®. 

We set (V1.1) and assume that o,>loga. Let t, be arbitrary real and 
0<e<o,—loga. 

The function f(s) cannot be holomorphic and bounded in the union of the 
rectangle D defined by 

0, —-e<oK<e, |t — to] < We%-*) 

with all the rectangles obtained by the translations 9 +2kmi (where k is an 
arbitrary integer). 

To prove this theorem it is sufficient to copy the proof of Theorem 
VI.1.2, making use of the new curve I*. 

From these two theorems we obtain, in particular, the following 
theorem: 


THEOREM YI.1.3. If we add to the conditions of one of Theorems V1I.1.1 
or V1.1.2 the condition o,=0, then for any real ty and e>0 the function 
f(s) cannot be holomorphic and bounded in the set of disks 

C{(to + 2kzx)i, 2] 
(where k is an arbitrary integer). 

So we find, for example, the very special case of the classical theorem 
of Hadamard: if the A, are integers and A, .,/A, >2, then the Taylor series 
> a,z’» of finite radius of convergence has its circle of convergence as 
natural boundary. But evidently we can extend in II.1 the very definition 
of the notion ‘A and 2’ are distinct modulo 1 with respect to ®’, replacing 
it by ‘A and 2’ are distinct modulo 1/p (where p, for example, is a positive 
integer) with respect to ®’. This will be the case if for any m and m’ 
such that 

dy #0, de? #0 
(see II.1) we always have: p(A—A’)#Am—m’. If we then replace in all the 
arguments of II.1 ®,(z)=zP(z) by ®,(z)=z’P(z), we see easily that the 
theorems in this part of Chapter II can be generalized. (To simplify the 
exposition we have only treated the particular case p=1.) The theorems 
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we have just proved here can therefore also be generalized in a corre- 
sponding manner. The very special case of the theorem we have just 
quoted then becomes Hadamard’s theorem, as it was originally stated: if 


Ay a ilAp BA 2 ak. (Ag ote Integers), 


then the circle of convergence is a natural boundary for the Taylor series 
> a,z*». And this theorem only appears as a very special case a fairly 
general phenomenon. 

We do not dwell here on the fact, because in the next section we re- 
discover the theorem of Fabry-Pélya, which has a bearing on general 
Dirichlet series, as a very special case of theorems obtained by starting 
out from the arguments of II.2. 


VI.2. Analytic continuation of general Dirichlet series 


The first result of this section concerns the series (A, A) whose abscissa 
of convergence is finite, 4 being of finite step: by the theorems of II.2 
these series therefore have singularities. Then we consider series whose 
abscissa of convergence is —oo and which consequently represent entire 
functions. 

The following theorem is an immediate consequence of Theorem II.2.3. 


THEOREM VI.2.1. Suppose that A is of positive step h. Let D’ be its upper 
density. Let f(s)=(A, A) with —2 <4 <0. 

For «>0, B20 there exists a continuous function A(a, B) with A(a, 0)=0 
such that f(s) has for every real value of to a singular point in the rectangle 


Og f — A(h, D’) < oO < Oa, fo |\t — to| eS aD’. 

For A(a, B) we can take the following function: 
A(a, 8B) = 7B — [3 log (eB) — 8.5]8 for B>O0 
A(a,; 0) = 0. 


If D'=0, the expression ‘singular point in the rectangle...’ indicates 
that o,,;+ if is itself a singular point. This means that we have the follow- 
ing theorem: 


THEOREM VI.2.2. If h>0, D'=0, —0<0,,;<0, then every point on the 
axis of convergence is a singular point of f. 
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One expresses this fact by saying that the axis of convergence of (A, A) 
is a natural boundary for (A, A). 

Theorem VI.2.2, which is due to Pélya, generalizes to Dirichlet series 
the classical theorem of Fabry concerning Taylor series: the circle of con- 
vergence of a Taylor series > a,z» (where 2, are integers) with lim n/A,=0 
is a natural boundary, a theorem which in turn generalizes Hadamard’s 
theorem of which we have talked in the preceding section. 

Evidently we can choose for A(«, 8) (8>0) every function of the form 


A(a, 8B) = 78 + [A(@) — 2a log (of)]8 = 7B + L(a, «, B), 
where a is an arbitrary real number greater than 1 and A(aq) is the function 


A(a) = a{4 + a + log [(a? — 1)/a®] + log [(@ + 1)/(@ —1)]/a} 
(see II.2.3). 

We have seen that the expression for L(a, h, D’) and consequently also 
that for A(h, D’) contains the term log (AD’). Since hD’ <1, the expres- 
sion —2aD log (hD’) is positive, and for fixed A (for example h=1) 
tends to zero (as D’ tends to zero), like —2aD log D’. Therefore the 
expressions L(a, h, D’) and A(h, D’) tend to zero in the same manner as 
D’ tends to zero (for fixed h). We wish to show that the speed with which 
these expressions tend to zero is very characteristic. In fact, for fixed h 
we necessarily have 


lim inf A(A, D’)/(— D’ log D’) 
D’*-0 
= lim inf L(a, h, D’)/(— D* log D’) > 1. 
D*-0 


In other words, in A(a, B), as it occurs in Theorem VI.2.1, the number 3 
cannot be replaced by a number smaller than 1. A fortiori it is impossible 
to take for A(h, D’) (with h fixed) an expression of the form cD’, where 
c is independent of D’. 

In fact, we can prove the following theorem: 


THEOREM VI.2.3. Let p>2 be an integer and let {,} be a sequence of 
positive integers for which 


Pn+ilbn > P/(p — 1), lim (2 He) [Hn = 0. 


k<n 


Let {b,} be a sequence for which 
(VI.2) lim sup |5,|?” = 1. 
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The series 


ea — —s 


%b, (——=5 
converges for o>0, it represents a holomorphic function f(s), which is also 


represented in the same half-plane by a series (A, A) having the following 
properties: 


(1) the A, are integers, h=1, 

(2) 04,,=0, 

(3) D'=1/p, 

(4) f(s) is holomorphic in the half-strip |t|<7D°, o> —pD", where p is 
the positive root of 


(V1.3) D°? e4(u? + 2?) = 4. 
As p tends to infinity, the quantity » so defined satisfies the relation 


(V1.4) » = —log D' — log (—log D’) + log 2 + o(1) (D’ = 1/p—0). 


Remark. In comparing this theorem with Theorem II.2.3 we see that for 
every choice of A(a, 8) corresponding to the statement of Theorem VI.2.1, 
as D’ tends to zero, we have: 


A(1, D') > —[log D’ + log (—log D’) — log2 + o(1)]D’ ~ —D log D.. 


Also, in the last paragraph of II.2.3 the phrase ‘for which the abscissa 
of the centre of a disk belonging to it is smaller than [...]D’+0,’ be- 
comes incorrect when the number 3 in [...] is replaced by a number 
smaller than 1. 

Now we proceed to the proof of the theorem. 

(1) and (2) are evident: it is sufficient to argue about the series 


> Sal@? — 2?-*)/2}'*, 


and to take (VI.2) into account. 


To see (3) we remark that when we denote by %(x) (x>0) the number 
of A, not exceeding x, we have? 


Rp) = > (te + Dnt D pes 


k<n k<n 
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hence 


N(pun) _ on 1 
=—+-+4 =1 
es pone iy ne aap Hi Pin) 


That is (evidently lim n/p, =0): 


D’ > lim sup N(pytn)/(Pien) = 


We also have for pun_1< Ay <DPpn (n> 2) 


Kk . RPn) 


Ax ‘ PHn 
and consequently: 
ea | 
D’ = limsup > = -: 
~ A, Pp 


Now we prove (4). First of all we note that for 0< D<1 and »>0: 
cos 7D >1—(aD?)/2, 1—e~“?<D; we can therefore write 


(VI.5) e74(1 + e~ 7? — 2e-"" cos 7D) 
< ert te — Le PY + ¢- 87 ))*1 


< e*[(1 — e-#?)? + (@D)?] < e!(y? + 12)D?. 


If se S={s|t|<aD', —~D' <o <0}, we have 
ia = at = Ms Sai a= 1| 
< eg VE ete: a = 2 ed’ cos aD ')1!2 


ee SPO (eet. 68" Cos Di + 1)"; 


that is, by (VI.5), 


eae cee = Ze Cosa + 1) 


< e74(p? + 7?) D™?, 
and if » is a positive root of (VI.3), we have 


ew — es 


2 


cael Vs 
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By (VI.2) the function is therefore holomorphic on S. 
We set: 
p = —log D' — log (—log D’) + log2 + c(D), 
and show that c=c(D')=0(1) (D’ ~ 0). In fact, we have: 


4 
D2 


an 4e*e : G i ppt ae Oa ee 
“Dion — log ( log D’) + log2 + c] i 


= e"(y2 + 7m?) 


which shows that c(D')=0(1). The theorem is now proved. 


VI.3. Entire functions represented by Dirichlet series 


In this section we assume that o,,,=-—0o and, as above, that D’<oo. 
Then f(s)=(A, A) is an entire function with 


tim 108 I@el _ _ 


ay oO. 


By the classical theorem of Julia we know that every entire function 
other than a polynomial has the following property: there exists a ray 
through the origin such that in every angle around this ray the function 
takes all values, except possibly one, infinitely often. Such a ray is said 
to be a Julia line. 

Translated into the language of Taylor-D series, the theorem of Julia 
can be stated in the following form: if f(s)=> a, e~™ is an entire function 
and not a polynomial (in e~*), then there exists a fy (in every interval 
[2ka, 2(k+1)z[) such that for every e>0 the function f(s) takes in the 
strip S(fo, «) all values, except possibly one, infinitely often. 

Let us introduce the notion of such a line for every entire function f(s) 
represented by a series (A, 4). A line t=fp is said to be J*-line for f if 
for every e>0 the function f(s) takes in S(¢o, e) all the values, except 
possibly one, infinitely often. If fis not identically zero (we recall that we 
assume throughout A,>0), then it has a J-line (a classical Julia-line), 
but it can also have J*-lines. It is easily seen that if t=f9 is a J*-line, then 
the half-line o<0, t=0, is a J-line. The function f(s)=e-* has o=0, t>0 
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(and ¢<0) as a J-line, but it has no J*-line. Besides, no series (A, A) 
in which only finitely many a, are different from zero has a J*-line. 
Theorems II.2.6 and III.2.9 lead to the following theorems. 


THEOREM VI.3.1. Suppose that the step of A is positive and that f(s)=(A, A) 
is an entire function whose (R)-order is infinite. Then f has a J*-line in every 
strip S(to, 7a) with a> D’ and any real to. 


THEOREM VI.3.2. Let f(s)=(A, A) be an entire function. If there exists a 
ty and a> D’ such that the order of f in S(to, 7a) is infinite then for every 
d>a, f has in S(to, 7d) a J*-line. 


THEOREM VI.3.3. Suppose that the step of A is positive and that f(s)=(A, A) 
is an entire function whose (R)-order is p>0. Then f has a J*-line in every 
strip S(to, 7a) with a> max (D", 1/2 p) and any real to. 

Note that in VI.3.2 we do not postulate that the step should be positive. 
If we add this condition, then Theorem VI.3.2 only becomes a special 
case of Theorem VI.3.1. 

Theorem VI.3.1 is a special case of Theorem VI.3.3. Let us first prove 
Theorem VI.3.2. 

Let © be the square |o—o,|<-7d, |t—t|<7d, where oo is an arbitrary 
fixed real number, and let us consider in 9 the family of holomorphic 
functions F,(s)=/f(s+c), s€9, c<0. This is not a normal family. For 
if it were, only two cases could arise: 

(1) There exists a sequence {c,} with limc,=—oo such that for a 
b(a<b<d) 


|F.,(8)| < M < oc 


on the square 9, defined by |o—o | <b, |t—t)|<ab, which according 
to II.2 (where we set R=b) would imply that fis identically zero; 

(2) lim F,(s)=0o as lim c= —0o, uniformly on 9,. This would contra- 
dict Theorem III.2.6. 

The family F,(s) is therefore not normal in 9 and consequently has 
there at least one irregular point s’=o’+it'. And no matter what e>0 
is, F,(s) is not a normal family in C(s’, e). This indicates that f takes in 
S(t’, e) all values, except possibly one, infinitely often. Hence t=?’ is 
indeed a J*-line. 
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Theorem VI.3.3 is proved in a completely similar manner, this time 
making use of Theorem III.2.9. 


VI.4. Some applications of the composition theorems 


Before stating the theorems of this section we have to prove the classical 
theorem of Cramér. We also state the extension of this theorem due to 
Pélya (which is called the Cramér-Pélya theorem) as well as an impor- 
tant contribution to this theorem by V. Bernstein, although only Cramér’s 
original theorem will really be used. 


THEOREM VI.4.1. Let f(s)=(A, A) be uniform with og (=¢4,;) finite, and 
let y(z) be an entire function of exponential type 8. Let S; be the singular 
set of f and S;,5 the union of the disks of radius 8 around the points of S;. 
Let A be the part of the complement of S;,5 with respect to the s-plane that 
is connected with the half-plane P,, o'>o,+6. Then the function 
F(s)=(C, A), where C={cn}, Cn =@(An)@n, is holomorphic in 4. 

Let ®(z) be the Laplace transform of ¢(z): 


(2) = iby o(u) e-"* du. 


It is known that ®(z) is holomorphic for |z|>6 and that for every e>0: 


(VE GQoug rs a F e"G(w) dw, 


where C, is the circle |z| =5+e. This can be seen immediately by taking 
account of the fact that 

eZ) = > dz” 

n20 

implies 

a nd, 

(z) = 2a for.,.[z| > 8. 
By writing down (A, A) for the variable s— w and making use of (VI.6) 

we see that for sufficiently large o 


(VL7) FG) = a i 4 Doonan 


From this it follows that for s€ A we can extend F(s) on every Jordan 
curve in 4 (having one of its extremities in the half-plane o>o’ where 
o’ is sufficiently large), provided that e is sufficiently small. This proves 
the theorem. 
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Now let h(@) (0< 6 < 27) by the type of ¢ along the ray r e° r>0; that is, 
id 
h(8) = lim sup 28 !2e")| Ee M1. 
The conjugate diagram of @ is defined as the closed domain 9 whose 
points z=x+iy satisfy the inequality 
x cos @— ysin 6 < h(6). 
According to Pélya 9 is the smallest convex domain in the exterior of 
which ®(z) is holomorphic. Consequently we have 
9c C(O, 8). 
Thus, denoting by 9, (e>0) the union of the disks C(z, e), where z is an 


arbitrary point of 9 and by L, the boundary of 9,, we can also write by 
virtue of (V1.7): . 


1 
Fs) = 5 fi As = w)®(w) av. 
From this we easily deduce the following theorem. 


THEOREM VI.4.2. If f; p and F are defined as in V1.4.1 and if S, denotes 
the singular set of F and 9 the conjugate diagram of », then 
Sp © S; + 9. 

By using the method of Chapter V, that is, by dividing the plane (or 
rather part of the plane) suitably in accordance with the singularities of 
@ and by starting out from the equation (VI.7), which is valid for suffi- 
ciently large o, only to replace it later, by virtue of Cauchy’s theorem, by 
an integral concerning the same function, but extended over a set of con- 
tours corresponding to the division, we obtain the following statement, 
which is due to V. Bernstein. 


THEOREM VI.4.3. If the functions f, » and F are defined as in V1.4.2, 
® being the Laplace transform of p and So the singular set of ®, then 
Sp < S; + So. 
Theorems V.1.1 and VI.4.1 allow us to state the following theorem 


which concerns complementary series. 


THEOREM VI.4.4. Let P={p,} and Q={q,} be two disjoint subsequences of 
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A(PU Q=A, PO Q=4); let 9(z) be an entire function of exponential 
type 8. 

A and B being two complex sequences, we denote by (A), y(P) and 
Ag(P) the sequences {pn}, {p(Pr)}; {anp(Pn)}, and we set 


f(s) = (A, P) 
W(s) = (Ap(P), P) 
Hs) = (p(A), 4) — (B, Q). 


Suppose that f and& are uniform and bounded, except at the singularities, 
in every half-plane P,.. 

Then the function is also uniform and the singular sets S;, Sy and S» 
are linked in the following manner: 

(a) for every 8’>8 every disk C(s, 8’) with s¢ Sy, contains a point of 
S; ? 

(b) Sy © S;+ Sp. 

In particular, if p is an entire function of minimum type (6=0), then the 
assertion (a) can be replaced by the following: 

(c) Sy < Sj; 
and the conclusions on the singular sets can be combined in this case by: 


(d) Sy < (Sy + Ss) 0 S;. 


We remark that if fand 3 are not assumed to be uniform, the statement 
still remains valid, provided that we denote (as we have said at the end 
of Chapter V for the composition theorems) by S, and Sy, the singular 
set of fand 3 to which we add the cuts which make these functions uniform 
at the exterior of the sets so obtained. But evidently we can no longer state 
that % is a uniform function. 

To prove the theorem it suffices to observe that as a consequence of 
the fact that P and Q are two disjoint parts of A, if we set 


f(s) = (4,P) =(C, 4), Hs) =(D, A), C= {en}, D = {dy}, 


we have C,=Qn, dn=AmP(Pm) for An =Pm; and c,=0 for A,=g,. Theorem 
V.1.1 then provides the assertion (b). The assertion (a) follows from 
Theorem VI.4.1. 

Here is a particular case of VI.4.4, stated for the Taylor series 
(A=Nyert=z). 
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THEOREM VI.4.5. Let P={p,}, Q={q,} be two disjoint ascending sequences 
of positive integers. If there exists a series 


(VI.8) Sc,z% 


of finite radius of convergence having a pole among its singularities on the 
circle of convergence, then every series 


(V1.9) >d,z’ 


of finite radius of convergence has at least two singular points on its circle 
of convergence. 

If « is a pole of the series (VI.8) on its circle of convergence, and if R 
is the radius of convergence of (VI.9), we set 


(B, Q) = d atic, e-%* = Db, ew m8 
(A, P) = > Rd, e7?n* = > a, e~ Pn, 


Now clearly there exists a polynomial ¢(z) (hence a function of mini- 
mum type) such that the series 


> P(n)z” 


represents the principal part of the pole at 1 of the function (B, Q), 
with e~* replaced by z. The function #(s)=(9(A), A)—(B, Q) therefore 
has all the points 2ki (where k is an arbitrary integer) as regular points 
(here A= WN). If (A, P) had on its axis of convergence o=0 only one singu- 
lar point (mod 2zi), for example, the point itp(mod 2z7i), then we would 
have ity ¢S;+Ss, which would be a contradiction to Theorem VI.4.4. 
This proves Theorem VI.4.5. 

We remark that Theorem VI.4.5 can be proved more directly, first of 
all by taking account of the fact that if g(z) is a polynomial, then (Ag(P), P) 
(P < N) has no singularities other than those of (A, P), and subsequently 
by making use of Hadamard’s classical composition theorem for the 
Taylor series (or rather, in the notation we have used here, the Taylor-D 
series (A, P) and (¢(N), N)—(B, 2), O< N, ON P=¢. 

Theorem VI.4.5 has been generalized in different ways, but all the 
generalizations are concerned with Taylor series. For example, the word 
‘pole’ has been replaced by the words ‘algebraic-logarithmic singularity’. 

We are now going to apply the arguments of (V.5). In fact, we shall 
only use the classical theorem of Hurwitz on Taylor series to end up with 
a theorem which itself only concerns Taylor series. 
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THEOREM VI.4.6. Let A={a,} be a sequence of rational numbers such that 
there exists an integer N with the property that all the quantities a,N" 
(n> 1) are integers. 

Suppose that the function F(z)=> a,z" is regular at infinity and holo- 
morphic for 


|z — N?/(N? — 1)| > N/(N? — 1), 
if N>2; and holomorphic for x <4 (z=x+iy) if N=1. 


Then: 
Pe 
(VI.10) F(z) = ay 
where P(z) is a polynomial and h a positive integer. 
We set 
a,.N™ 


(VI.11) f@=2 


gz 
=i m-1Nyn-1 
og = soe 
The singularities of f are obtained from those of F by the transforma- 
tion N/z. Hence all the singularities of f are in the disk C(N, 1). 
The theorem of Hurwitz (see (V.5)) applied to the series (VI.11) per- 


miis us to state, given that » has only one singularity at —N, that the 
function 


Out es. 
with 
Yn = (@N)N* ~ (1)(@aN2)N + 0+ + yg") 
= 8N"*14,a, 
where 4,a, denotes the n-th difference of the sequence {a,} with respect 


to a,, and where 6 is equal to +1 or —1, is holomorphic for |z| >1. 
Consequently we have 


lim sup»|y,|4" = 0. < 1. 


But since the y, (by assumption) are integers, we see that y,=O for 
N> No. 
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Hence it follows from the identity 


DST ee dwad, fy ee 


p20 ns 


that 


| _1)p ae P,(z) 
:) aoaeen Sd Beal prone 


where P,(z) is a polynomial. This proves the theorem. 

Now we make the following remark. If the positive integer N is such 
that the quantities a,N" (n>1) are integers, and if we denote by p the 
greatest distance between the point 1 and the singularities of F (see VI.4.6), 
we must have 


provided that F(z)= > a,z" is not of the form (VI.10). 

So we obtain a lower bound for the integer N for a function repre- 
sented by a series with rational coefficients to be, for example, algebraic, 
but not rational. 

We consider again the function F(z) whose Taylor coefficients are 
integers, of non-zero radius of convergence, the function being uniform, 
having infinity as a regular point or as a pole. Let S be the complement 
of the domain of existence of F in the open complex plane. According to 
our preceding definitions, S is therefore the singular set of F (of which we 
remove the point infinity if it is a pole). If Lis a set in R?, we set H=EO S. 
If H is finite and only contains poles of F at algebraic points, then there 
exists a polynomial P(z) with integer coefficients such that the function 
F(z)P(z) is regular at the points of H. If we now denote by JI(F, E) the 
set of such polynomials, we define the polar algebraic index of E with 
respect to F as the smallest degree of the polynomials in IJ(F, E); we de- 
note this index by p(F, £). 

If there is no polynomial P with integer coefficients such that F(z)P(z) 
is a regular function at the points of H, that is, if IJ(F, E)=4, we say that 
the polar algebraic index p(F, E) of E with respect to F is +o. Thus, 
p(F, E)=0o in one of the following two cases (a) and (b). 

(a) The set H is infinite. 

(b) The set H is finite but contains at least one point of S which is not 
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a pole at an algebraic point; in other words, E contains either a point of 
S which is not a pole, or a pole at a transcendental point. 

The following theorem is an immediate consequence of Theorem VI.4.6 
(corresponding to N=1). 


THEOREM VI.4.7. If the analytic continuation of F(z)= >, 4,2", with integer 
coefficients, is a uniform function having infinity as a regular point or as a 
pole, then the polar algebraic index with respect to F of the (closed) half- 
plane x <4 (z=x-+iy) is not less than the polar index of the (open) half- 
plane x>4 with the point z=1 excluded. That is, 


(VI.12) p(F, {z|x < 3) = vp, {z|x > 4,24 1)). 
More generally, 
(VI13) TIC, {zlx < $) ¢ INF, falx > 4,2 # 1). 


The relations (V1.12) and (V1.13) remain valid if in the terms on the left 
of these relations the half-plane x <4 is replaced by the same half-plane 
with the poles of F at rational points excluded. 

Suppose that the relation (VI.13) does not hold when the half-plane 
x <4 is replaced by the same half-plane from which the poles at rational 
points, say Pi/q1, P2/q2,.-->PmlGm, Where the p, and q,; are integers, are 
removed. Then there would exist a polynomial with integer coefficients 
P(z) of degree less than p(F, {z|x>4, z41}), such that F(z)P(z) has in 
the half-plane x<4 as singularities of finite distance (from the origin) 
only the poles at the places p,/q; (7=1, 2,..., m); the same product havy- 
ing in the half-plane x>4 singularities other than the point 1 at finite 
distance. On the other hand, there would exist a polynomial Q(z) with 
integer coefficients, of the form 


(412 — P1)"*(QozZ — Po)? ~~~ (GmZ — Pm)"™, 


where 0, %,...,%m are positive integers, Y(z)=F(z)P(z)Q(z) is holo- 
morphic on every compact set in x<4, and where the product has in 
x>4 the same singularities as F(z)P(z). It is clear that there would also 
exist a polynomial (with integer coefficients) R(z) of degree k such that 
(Y(z)— R(z))z~*~* is a Taylor series with integer coefficients represent- 
ing a function regular at infinity, holomorphic for x <4 and having in 
the half-plane x>4 singularities other than the point 1; but this would 
be a contradiction to Theorem VI.4.6. 
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Here is an immediate corollary to Theorem VI.4.7. 


THEOREM VI.4.8. Jf the non-negative integers a, are such that 
lim sup aq'"=a with 1<a<2, and if the analytic continuation F of > a,z" 
is a uniform function, with the point at infinity being regular or a pole, 
then F has apart from the singular point z=a~* another singular point at 
finite distance situated in the half-plane x <5. 


NOTES 


1 It is easy to see that o,,;=0 implies that o, <0. 


2 To simplify the formulae we have preferred in this case the function N(x) to N(x), 
which denotes the number of A, smaller than x. 


CHAPTER VII 


ON THE BEHAVIOUR OF THE REMAINDERS OF 
A DIRICHLET SERIES IN THE DOMAIN OF 
EXISTENCE OF THE FUNCTION. APPLICATIONS 


VII.1. Evaluation of the remainders of (A, A) 
In this chapter we assume that 4 has a positive step h, and we set 
inf (An+1 — An) = D- 


Then 0<p<h. To simplify the statements we also assume that the ab- 
scissa of convergence is equal to zero, that is, 


O, = 0, = lim sup 28 las! = 0. 


Let C={c,} be a real sequence in which infinitely many terms may be 
equal to —oo, but infinitely many are finite. Suppose that 


; CR 
lim sup ibei 0. 

Then there exists a concave function C(x) (x>A,) having the following 
properties: 

(1) CAn)2 ¢n (22 1) 

(2) C(x)20, 

(3) Every other concave function C,(x) (x2Aj,) satisfying the same 
inequalities also satisfies C,(x)>C(x). The function C(x) is called the 
smallest concave non-negative envelope of the sequence of points Px =(Any Cn) 
(n>1). 

It is easily seen that lim C(x)/x=0. 

Given a series f=(A, A) we denote by f, the function represented by 


the sum 
3 Qn en An’, 


that is, by the n-th remainder of (A, A), 
We prove the following theorem: 


THEOREM VII.1.1. Suppose that f=(A, A) is holomorphic in a simply 
connected domain D containing the half-plane of convergence (o>0). Let 
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C(x) be the smallest non-negative concave envelope of the sequence of 
points (A,, log |a,|) (n> 1). 

For every compact domain 4 contained in D there exists a constant 
P=P(A) such that when we set q,=e°°», we have for s 4: 


[fn(s)| e*»? < Pan. 
We set 
CQns1) — CA), 
Ant ee A 
We see immediately that 7, decreases to zero. We consider the function 
?2(S) cm FAG 3° Nn) Cal ice: 7 
For s € 4 and sufficiently large n we have: 


PaCS) =L/ + 15) tg * — D aggzt e-On-Me my 


msn 


(VIL1) = 


<M, ent Om > Fn 2 O~ Am~ And +19) 


msn 


= T,(S) 3 JAS), 


where M, = max | f(s+7,)| as long as se 4, n>nNo. 

Evidently M,<M<oo for n>np. 

Taking account of (VII.1) and the fact that C(x) is concave, we see that 
for 1<m<n(n>1) 


(VII.2) Se ke > Tn 


Hence, if «<0, then by making use of (VII.2) for m=1 we have: 
(VII.3) J,(s) < M en e~ [OW < M ei, 
From the same inequality (VII.2) (and still for «<0) we deduce: 


(VIL4) J,(s) = > OW CAF CAW + AR=Aq)n EAn ~ Amd? 


msn 
(A,, — Apdo npo 1 
< om Ce we Ss See Ss To 
m<n TAs 


where p is the quantity defined at the beginning of this chapter. 
The inequalities (VII.3) and (VII.4) give for o<0, sed: 


K 
(VIES) |pn(s)] < 7—=Gee 
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where K is a constant independent of n, n>No. 
For s € 4, c>0 we have: 


>, AnGig 2 @7 m= aX +My) 
m>n 


lpn(s)| = 


< ECOm) —CAq)— Om —Andtin @Am ~ Ave 


m>n 
and according to (VII.1): 
1 


lpn(s)| = 24 rakat t ec DNs < rs aa 
Thus, both for ¢>0 and <0, sed (n>): 


K, 
(VII.6) |¢,(s)| < [l-e-*] 


where K;, is a constant: K,=K,(4). 
We denote by R[so, a] the square defined by |c—o,|<a, |t—t)|<a 
(So=0o+ito), and we consider the function 


wb, (5) = [1 om: er Pe Sis = 200 = ez 98 Mot) (5); 


According to (VII.6), f (and %,(s)) is holomorphic in R[ito, 35] for 
sufficiently small 5>0. Now ¥,(s) satisfies on the contour of R[itp, 25] 
the inequality 


lé.(| <B< a0 (> 1), 


where B is independent of n (n>np). 
Since on the contour of R[ito, 5] for sufficiently small § 


pf = min |1 oe @7 Fs “Nip - 20) = min {1 = e@~ PS ~ Kt + 28)| > 0, 
we obtain for s € R[ito, 5]: 
lpn(s)| < Lu“? (n> 2), 


where L is a constant. 

Thus, for every 59 € 4 there exists a square with this point at the centre 
such that on the square max |¢,(s)| <M , where My does not depend on 
So. By the Borel-Lebesgue theorem, the function ¢,(s) is bounded on 4 
by a quantity independent of n. This completes the proof. 

We make the following remark concerning the smallest non-negative 
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concave envelope of a sequence {c,}. If lim sup c,=00, then there exists 
a sequence {n,} such that Cn) =Cn, (21), where the points (Ag, C4) 
are the vertices of the polygonal line defined by y=C(x) (x>A,). If 
lim sup c,=/, with —co</<oo, then to every sequence {n;} for which 


lim inf ¢,, > — © 
there corresponds a constant c such that 
(VII.7) en, = Cn) < By ee 


A sequence {n,} satisfying (VII.7) is called sequence of principal indices 
Sor {Cy}. 
Theorem VII.1.1 leads to the following proposition: 


VII.1.2. Let {n,} be a sequence of principal indices for {log |ap|}. 
Suppose that f=(A, A) is holomorphic in a simply-connected domain D 
containing the half-plane o>0. 


For every compact domain 4 contained in D, every s¢4 and every 
j21 we have: 


[fn(s)| e*4? < Qlan,|, 
where Q is a constant. 
The following elementary lemma is also useful: 
VII.1.3. If f=(A, A) has a pole on its axis of convergence, then 
(VII.8) lim sup |a,| > 0. 


If (VII.8) would not hold, then to every e>0 there would correspond 
an Mp such that |a,|<e for n>n; and then for o>0: 


[f(s)| < X [an] e7%n? = > |an| eo *"? + »; |an| e7*»? 
n<Nno n>No 


< A(o) + e Ze"? < Alo) + (1 — e°””), 


where p>0 is the constant used above. 
A(c) is bounded for ¢>0. For o | 0 we would also have: 


f(o + it) = o(6~") 
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(uniformly in 4). No point it) on the axis of convergence could therefore 
be a pole, contrary to our assumption. 

Theorem VII.1.1 (or its Corollary VII.1.2) enable us to introduce apart 
from a function f=(A, A) an auxiliary function which has the effect of 
‘separating’ the singularities of f on its axis of convergence from all its 
other singularities. 


THEOREM VII.1.4. Let {n;} be a sequence of principal indices of the sequence 
{log |an|}({an} = A). 


Suppose that the axis of convergence (o=0) is not a cut for (A, A), and 
let T be the domain composed of the half-planes «<0, o>0 and the set of 
regular points of f on o=0. 

From {n,;} we can extract a sequence {p,} having the following property: 
the sequence 


Sos) evap, (k > 1) 
tends, uniformly on every compact set contained in T, to a function g(s) 
that is holomorphic in T. 
There exist two sequences M={j,} and M’={y}} such that 
My 2h, bn4i— ba 2h (2 1) 
Mi 2h, basi — bn 2h (v2 1), 
where h is the step of A, and two sequences B={b,}, B' = {bj} such that for 
o>0, o<0 we have, respectively, 


g(s) = 2 b,e7's 
g(s) = > bh ems — 1, 
The function g(s) has singular points on o=0. They are all the singular 
points of f(s). 
Every isolated singular point of g is a simple pole. 


We remark that the condition on the n, to be principal indices of the 
sequences {log |a,|}, that is, that 


log |an,| < CAn,) < log |an,| + ¢, 


where C(x) is the smallest non-negative concave envelope of the points 
(An, log |a,|), can be replaced by a more general condition. But the general 
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theorem is more difficult to prove. The statement we have given here 
suffices for the applications we have in mind. 
The sequence of functions {F;(s)} defined by 


(VIL9) Fj(s) = fa,fs) e'|a,,|-* Gi > 1) 


constitutes a normal family which is bounded on the J defined in VII.1.1. 
From it we can extract a sequence F;,(s) that converges uniformly on 
every compact set contained in 4 to a holomorphic function, which we 
denote by g(s). 

From the fact that C(x) is concave and from the relation 


lim C(A,)/An = 0 
it follows that 
lim [CAn+1) — CA,)] = 9; 
in other words, if as in VII.1.1 we set log g,=C(A,) we have: 


(VII.10) lim gn41/¢, = 1. 


We set n,;,=m, (v>i). Taking account of the inequality gn,<Clam,| 
(where C is a constant) and of (VII.10) we obtain for a positive integer m: 


< fmem < C Imeem 
lamy| my, 


(VII.11) 


Any +m 
a. 


My 


(we consider m,—m only for m<™m,), that is: 


(VIL.12) lim sup 


Any +m 
es < CG. 
any, 


Note that it is no loss of generality in the theorem if we assume that 
there exists a constant H<oo such that 


(VII.13) A,+1 — An < 


In fact, if this condition does not hold, it is sufficient to replace, on the 
one hand, A by a sequence A’ having the same step as A and containing 
it and, on the other hand, A by the sequence A’ whose elements corre- 
sponding to the A, of A are those of (A, A) where the other elements of A’ 
are all zero. We observe immediately that in proving the theorem for 
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(A’, A’) we also prove it for (A, A). Hence we assume that (VII.13) holds. 

If his the step of A, let 0<e<h-—e. For sufficiently large v we have: 

(«) m(h—e) < RS Aas <mH, 

(B) m(h—2)<Am,— Am, -m <A, 
where the inequality between the first and the second term of (f) only 
holds when m,—m>p=p(e). 

It follows that we can extract from {m,} a partial sequence {p,} (for 
example, by the diagonal process) having the following property: the 
limits 

lim 5,4 ri Xo,) = Ems lim ig ysniet ca Drs 
lim Oop, i: yhoo = Phos lim OPNEOE a Di, 
exist and satisfy the relations 

(VII.14) [dnl < C, lbnl < C 


(VII.15) 1 S h, Um+1 cs, Um Z 
Pe 2h, lms. — bm 2 


h, 
h. 


For o>0 and o<0O we set, respectively: 
(VIL.16) g*(s)' = > bj, 7, 


(VII.17) g-(s) = > Df, etn’, 


According to (VII.14) and (VII.15) the series (VII.16) and (VII.17) 
converge, respectively, in the half-planes o>0 and o<0. And by the 
definition of g(s) (which in J is the limit of the sequence F,, (n,;,=m,)), 
for o>0 we have: 


g(s) = g*(s). 


If D is defined as in VII.1.1, we now suppose that the compact set J 
contained in D forms part of the half-plane o<0. Then we have uniformly 
on 4 


lim f(s) e®™ az,” = 0. 


This allows us to write: 


: : An, —m , 
(VIE.18) lim F,,(s) = —lim S) ==" e%m,-ny-ms — 1 = g(s),. 


m<my my 
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The definition of the sequences {:/}, {b/} enables us therefore to write 
for «<0: 


g(s) = g-(s) — 1. 


Thus, g(s) cannot have singularities outside the axis of convergence 
(c=0); and its singularities are the same as that of J(s). From (VII.14) . 
and (VII.15) it follows that for o>0: 


[g(s)| = |e*@|] < Cd e-™ = Ce-"(1 — e-”)-1, 


A similar inequality is valid for |g~(s)| in the half-plane «<0. Thus, 
for 40, |o|<1 


[g(s)| < Klo|~3, 


where K is constant. 
Suppose now, contrary to our assertion, that g(s) is regular on o=0. 
Let 0<a<1 and f be arbitrary real and consider on the square 
R{ito, 2a] (|| <2a, |t—t)| < 2a) the function 


(VIL19) G(s) = g(s)[s — i(t) + 2a)]Is — i(t) — 2a)]. 


Then G(s) would be holomorphic on this square, and on its sides we 
would have 


|G(s)| < 20Ka-}. 


On the square R[ito, a] we would therefore have | g(s)| <20Ka~!. 

In other words, the function g(s) would then be an entire function and 
bounded in the whole plane; consequently, it would be a constant; but 
g(s) tends to zero as o tends to +00 and to —1 as o tends to —o. Hence 
we have a contradiction. Thus, g(s) necessarily has singularities on o=0. 
By the definition of g, these singularities are those of f. 

Let us show finally that every isolated singular point of g is a simple 
pole. Let iv be such a point, and consider again the function G(s) defined 
by (VII.19), where a>0 is such that the closed square R[iz, 3a] contains 
no singularities other than iz and where fp =7 + 3a. 

On tof}a=7+2a, |o|<a, we find that |g(s)|<20Ka~*. Thus, 
on the sides of R[ir, 2a] we have |9(s)|<Pa-* (for |o|=2a we have 
| g(s)| <.K(2a)-+), where P is constant. Thus, iz can only be a simple pole. 

The proof of the theorem is now complete. 
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VII.2. Applications of the results of Chapter III and of VI.1 to 
series meromorphic on an interval of the axis of convergence 


We prove the following theorem. 


THEOREM VII.2.1. Let D’ be the mean upper density of A and suppose that 
the sequences A (of step h) and A are such that there exist three constants 
H>0, C>0, N>1 with 


(VIL.20)s eee etal wlcead 
(VILZH IC" S max Qev & © Ue a) 
<v<N 


Suppose that f(s)=(A, A) does not have in a strip S defined by a<t<b, 
where b—a>2zn(D'+h~-*), singularities other than simple poles ic, 
(p=1,2,...,q), where the «, are real and f(s) remains bounded in S out- 
side every neighbourhood of the points ix, (p=1, 2,...,q). 

Then the function f(s) is holomorphic for «<0, where it is given by a 
series 


f(s) = Dai,es + d. (da constant) 
Furthermore: 


Ant1 — An Zh, Mai — Meh, — lanl < C. 


Every isolated singularity i« of f on c=0 is a simple pole, and there exist 
q integers my, Mz, ..., M, such that 


(VII.22) g= MO, + Mao ok 2: a's + M,&q. 


In other words, the «, (p=1, 2,...,q) form an ‘integral basis’ for all 
the «, which are the ordinates of the points of other isolated singularities 
of f on the axis of convergence. 

We recall that the step 4 of A in this chapter is supposed to be positive 
and that the analytic continuation of (A, 4) into S (from which the 
points ia, (p=1, 2,...,q) are removed) is direct. 


Remark. The conditions (VII.20) and (VII.21) follow from other con- 
ditions in the statement of Theorem VII.2.1, namely from the fact that f 
only has simple poles on the interval in question of the axis of convergence. 
But when the A, are not integers, the proof of this fact is not immediate. 
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It follows from (VII.20) and (VII.21) that there exists a sequence {nj} 
of principal indices of {log |a,|} satisfying the conditions 

(VII.23) nj41 —ny < N 

(VII.24) Cy? < |a,,| < qin) = ep < Cy, 
where C(x) is the smallest non-negative concave envelope of the set 
of points P,=(A,, log |a,|) (n>1), and C, is a constant such that 
C(x) <log C, (x>A,). 

Consider the family of functions 


f2(8) = [7 -> er Bht A(R" O), 


nsx 


Let j(x) be the largest integer j such that A,,<x, and set m(x)=Njo. 
Let n(x) be the largest integer n such that A, <x. Then 


0 < n(x) — mx) < N. 
If n(x) >m(x)+1, we can write 
2(S) = [fincx(S) — (Ginceey 4107 8m +18 ove + Ane e7*mem®)]e*8, 
with x—Amx)+1< NH; and if n(x)=m(x), then 
FES) = fmea(s) e**. 


It follows from Theorems VII.1.4 that the family £*(s) (x > 0) is bounded 
on any compact set containing no singularities of f and that we can ex- 
tract from every sequence {x;,}, x,>0, x, +0, a partial sequence {y,} 
such that f;;(s) tends uniformly on this compact set to a function G(s) 
having the following properties: 

(1) For o>0 and «<0, respectively, 


(VII.25) G(s) = > d,e7"* + ¢, 
G(s) = > di evn’ + d, 


where c and d are constants and where for n>1: 


(VII.26) M41 —%m Bh 
Muri — Yn Zh 

ld, < C 

lds] <C 


(we see easily that C is the constant occurring in (VII.21)). 


126 DIRICHLET SERIES 


(2) G(s) is holomorphic outside the singularities of f on the axis of 
convergence o=0. 

(3) G(s) has singularities on o=0. 

(4) The isolated singular points of G(s) are simple poles. 

(In fact, (3) follows from VII.1.4 as long as d#c, but we shall prove 
this statement directly in the subsequent analysis.) 

Let us now show that every simple pole of f on o=0 is also a simple 
pole for G. Let i8 be such a pole for f; we can write 


f(s) = sR t 9 


where 9(s) is a holomorphic function in a disk C(i8, 5) (6>0). In this 
disk the functions f;(s) only have if as a singularity, namely as a simple 
pole with the residue re‘#”s; the functions 


rei8y; 

s — ip 

are therefore holomorphic in C(if, 6). If we extract from {y,;} a sequence 
{y}} tending to infinity and such that e'%) tends to a limit J, then the 
functions g,; tend uniformly on the boundary of the disk, and conse- 
quently on the closed disk, to a limit that is holomorphic in the disk. 
The limit of fas) which is G(s), is therefore of the form 


Py; = fas) re 


(VII.27) G(s) = 


sap t GO), 
where r’=/r, and G,(s) is holomorphic in C(if, 8). 

Since G(s) is determined by the sequence {y,}, the quantity /, and con- 
sequently the quantity r’=r/(|l|=1), cannot vary with the choice of the 
sequence {yj} < {y,}. It follows that lim e% exists and is equal to /. 
That is, (VII.27) holds, with r’ =r lim e!44), 

Hence if {y,} is a sequence for which /;5(s) tends to G(s) defined above, 
then G(s) has the points ix, (p=1, 2,...,q) as simple poles. If the residues 
of the poles ic, of f are the quantities 


lp i ay Abe a 


then the residues of the same poles of G are r,/,, where /,=lim e!»%s 
and these limits exist p=1, 2,...,q. 
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Now by Dirichlet’s approximation theorem we can choose a sequence 
y; tending to oo with the property that 


fy de A = 1 2,. i, @)s 
that is, lim «,y;=0 (mod 27) for every 

Pom), 2h... 55 Os 
Thus, on Jia, ib[ of c=0 the function F(s)=f(s)—G(s) is holomorphic. 
We denote by {y,} the union {A,} U {v,} and set 

(VII.28)- F(s) = Se, e7* => a, e~*s* — > dem. 

It is easy to see that if we denote by D; the mean upper density of y,, 
then 

D,< D+ ho}. 

Thus, the function F(s) given by (VII.28) is holomorphic and bounded 
in the strip S whose width exceeds 27D}. We conclude, by Theorem 
IIJ.2.3, that F(s) is identically zero, that is: 

(VII.29) f(s) = G(s) — c. 

From this it follows, first of all, (by (4)) that the isolated singular 
points of f on c=0 are simple poles and that f(s) is also holomorphic for 
o <0. Further, by (VII.25), (VII.26) and (VII.29) A,,=v,, hence: 

An+1 oa rn 2 h (n 2 1); 
for «<0: 
f(s) = Tae" + d, 


where A), =v7, a,=d,; hence: 


Mn+ — An 2h (n> 1) 
fap C. 


It now remains to show that there exist g integers m,, m2,..., Mq such 
that (VII.22) holds. 

We show that the contrary assertion leads to a contradiction. 

If « is such that there exist integers m, pi, Po,..., Pq Satisfying the 
relation 


(VII.30) Ma = Py, + Poe + +++ + DaM, 
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then we denote by p the smallest possible integer m having the property 
(VII.30). If (VII.22) were not possible, we would have »>1, and every 
other integer m satisfying (VII.30) would be a multiple of yw. Setting 
B=p-1 (<1), the numbers a, , a1, a,...,%, would have the following 
property: 

For arbitrary integers n, 11, N2,...,M%q for which 


(VII.31) no + myoy + +++ + nga, = O, 


the quantity nB (0<B<1) is an integer. 
From a simple version of Kronecker’s approximation theorem it would 
follow that for arbitrarily given e>0, 7>0 the systems of inequalities 


(VII.32) -—e < ta —-B <e (mod 1) 
—é,<, tot, <.e. (mod1), (p = 1, 2,09 .59), 


would have a solution t>T. 

If (VII.31) could not be realized with any system of integers 
N, Ny, Ng,..-,Mq, then (VII.32) would equally have a solution t>7, and 
this for an arbitrary B with 0<f<1. 

In other words, if « could not be expressed as a linear combination with 
integral coefficients of the «, (p=1,2,...,q), then there would exist a 
0< <1 such that (VII.32) would have a solution t>T. 

Hence there would exist an 7) with 0<7)<4 such that to every e>0, 
T>0 there would correspond a t>T and integers n, m,, Mo,..., Ng satis- 
fying the inequalities 

lie, = ”,| < & Co = 1,2,5..39) 
No < |t« — n| << 1 —' No: 

And then we could associate with every sequence {e,}, e, | 0, a sequence 
{y,} and q+1 sequences n?, nS», ..., nS? such that 

(VII.33) |yjn, — 2an| < e, (p = 1,2,...,93j 2 1), 

> 1). 

Choosing the function G(s) with the y, satisfying (VII.33) we would 
find, first of all, as above, that G(s) has the poles ia, iva, ..., ix, with the 
same residues as f; but if the residue of i« for f is r, say, the residue 


of this pole for G would be r’=r e?”°4r (because e?”°=lim e's, with 
No <98<1—7), which is a contradiction. Thus, the theorem is proved. 


2now < |yjo — 2an{?| < 21 — no)r GV 


CHAPTER VIII 


APPLICATIONS TO THE GENERALIZED 
RIEMANN FUNCTIONAL EQUATION 


Viil.1. Number of independent solutions. Links between exponents 


The Riemann zeta function {(s), the analytic continuation of the Dirichlet 
series 


i mee —log ns 
zy ns cag. > é > 
which is known to play a fundamental role in the theory of numbers 


(for example, in the problem of the distribution of prime numbers), 
satisfies the so-called Riemann functional equation 


(VIIL.1) a r(5 5) U(s) = 1-8- var (> = 5) eno) 


Hamburger has shown that if the series 


an 


(vit) fo) = 5% gd — 9) = 5-48, 


converge absolutely for o>1, and o<c<0O, respectively, where in addi- 
tion f(s) is assumed to be of the form G(s)/P(s), with G(s) an entire func- 
tion of finite order and P(s) a polynomial, then the functional equation 


(VIIL3) nr (s 5) fs) = 7-8- var (> *) (2 3 


implies that f(s) =g(s)=4a,£(s). 

Thus, the Equation (VIII.3) characterizes in a way the function &(s), 
provided that f and g are represented by Dirichlet series whose sequence 
of exponents is {log n} (in the language we have used right through this 
book); true, certain simple conditions on the behaviour of these functions 


in the entire plane have to be added. 


130 DIRICHLET SERIES 


This is where the more general problem arises. As always, let A={A,}, 
M=({ny,} be two positive strictly pope sequences and let 


(VILA) 9s) = 5 4) = = 


Pn 


be two series having abscissae of absolute convergence. Imitating the 
previous notation, we could denote such series by (A, log A), (B, log M), 
respectively, where y and % denote not only the sums of the series but 
also their respective analytic continuations. If 5 is a given positive num- 
ber, suppose that the following relation holds: 


5") 46 - 9). 


Clearly the behaviour of the function and ¥ in the whole plane must 
be specified in a precise fashion. 

Given the sequences {A,} and {y,,} and the quantity 6>0, we can ask 
for the ‘size’ of the class of pairs (9, %) satisfying (VIII.5) We can also 
ask to what extent we can choose the sequences {A,} and {,,} themselves 
(in general or in relation to a given 5). These problems will be treated in 
the present chapter. 

Now we lay down the explicit meaning which we give to the expression 
‘the pair (9, #) satisfies the generalized Riemann equation (VIII.5)’. 

If the sequences {A,} and {y,} are defined as above, if 5>0 is given, if 
y and ¢ are defined by (VIII.4), where the series have abscissae of absolute 
convergence, we suppose that there exists a function x(s), not identically 
zero, holomorphic at finite distance outside a compact set K, and of 
exponential type zero in every vertical strip, that is, 


(VIIL.5) nr (s 5) 966) = = 7-0 Par 


(VIIL6) lim OE eB adel 


|t] > 00 


uniformly in o for a<o<b, a and b being arbitrary; here y is linked 
with @ and ¢ by the following relations. 
For sufficiently large o>0: 


(VILLT) x(s) = 7-*9°(5) 969). 


For sufficiently large —o>0: 


(VIIL8) y(s) = 77° vor (2S *) 403 mom 
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Then we say that the pair (9, %) satisfies (VIIL5). 

Now, as we have said above, since we are looking for conditions on 
A={A,}, M={y,} and 5>0 under which there exist a, and b, (n> 1), 
not all zero, which make (VIII.5) possible (or, in a more general manner, 
since we are looking for the number of such sequences {a,}, {b,} from which 
all the others can be formed), we agree to say also that the pair (9, ) 
satisfies the Riemann functional equation corresponding to (A, M, 5). 

We begin with the following lemma: 


VIII.1.1. If the pair (p, $) defined by (VIII.4) satisfies (VIII.5) and if we 
set 


(VIIL.9) g(s) = (B, 27M) = 3 b,, c= 278, 
then o,,,=0; for o>0 the following relation is satisfied for sufficiently 
large do: 
(VIII.10) 
Ky gt +2j 
a(s) = KG) + 7 T@) 3 a (aa + abe Ajax) 
where 
-1)T j 8+1 
(VIIL11) A, = a C Z “-). 
and where K(s) is an analytic function on the Riemann surface of log s 
with 
(VIII.12) K(s) = O(|s|") (|s| + ©, ma constant) 
in every angle |arg s| < 9 (89>0 positive, m depending on 9 ). 
For o>0 and d,.>0 we have: 
1 [4ott@ 
(VIII.13) e~s = Ini ae T(w)s~” dw. 


We also have: 


(VIIL14) I) = wane ar (2) r(* + *); 


z Z 
1 dgtio 
(VIIL15) =~ I z-*I'(p — w)I(w) dw 
1 dg-in 


wl) (Si a > ae 
O<ji<do-p 
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with 
es, Got 2a ag ap 
A, = Try for |argz|<7,d)>>p> 9. 


Suppose that o>0 and that d is sufficiently large. Then (VIII.13) and 
(VIII.4) give (for - 


(8) = 5535, fox. T(w)(2piys))- dw 


1 dg tic G d 
ei em (wv, s) dw, 


where 
G(w, s) = T'(w)(2ms)-h(w). 
Therefore, by (VIII.14) and (VIII.8) we can write: 
w+l 


(VIIL.16) G(, s) = procorniag-ep (2 hiv ee). 
By setting 
(VILLI) K@) = 5 fi Gino 


where C is a rectifiable curve enclosing K (the integral being taken in 
the positive sense) we can also write for o>0, by applying Cauchy’s 
theorem (d, being sufficiently large), with (VIII.6) taken into account 


ie d-dytio 
g(s) = K(s) + 5 G(w, s) dw 
—do-ia 


= K(s) + Le G(s — w, s) dw, 
with 
G(s — w,s) = pr “Or nag squngep (2 — EFT = 5 E *) x0) 
The formula (VIII.7) allows us to write 


G(s — w,s) = prerons-oep (F)r CHE * Nay), 


2 
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By (VIII.4) (defining ¢) and (VIII.15), where we put p=g=(8+1)/2, 
we have: 


1 dygtio w 
Ee (5) rr ( - 5) y(w) dw 


4a dg-iw 


r2 -q g2 a+j 
-rozel(+3)"+ 3 al8") 
~ s? ROE \M 


This finally gives (VIII.10). As to (VIII.12), we see this immediately 
by (VIITI.16) and (VIII.17). 

If two pairs (91, #1), (~2, #2) satisfy the Riemann functional equation 
corresponding to (A, M, 8) then for arbitrary constants c, and cg, the 
pair 

(Cipi + Cope, Cr + Cro) 


satisfies the same equation. A set of k pairs 


(ps, $;) G= bs AE 


satisfying (VIII.5) is said to be linearly dependent if there exist constants 
c; =1,2,..., k), not all zero, such that 


C11 + Copa + +°: + CQ, = 9, 
Crh, + Cotta + +++ + ch, = 0. 


If this is not the case, we say that the k pairs are linearly independent. 
The following theorem gives an indication of the number of linearly 
independent solutions which a Riemann functional equation correspond- 
ing to (A, M, 8) (where the sequences A, M and the constant 5>0 are 
given) can have: 


THEOREM VIII.1.2. Let Dj, be the mean upper density of M and assume 
that Dj, <0o. 

The number of linearly independent solutions of the Riemann functional 
equation corresponding to (A, M, 8) is equal to the smallest number of 2, 
(A, € A) lying in an interval on [0, oof of length exceeding D;,. 

Let [a,b] be an interval a>0, b—a>D,, containing the points 
Aptis Ap+ay-++> Ap+% and not containing other A,. We are going to show 
that there exist at most k independent solutions of (VIII.5) corresponding 
to (A, M, 8). 
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Let (9, %) (q=1, 2,..., ) be k solutions of (VIII.5). If these solutions 
were linearly dependent no matter how they are chosen, the theorem would 
be proved. Suppose then that this set of solutions can be chosen linearly 


independent. 
We set 
a® b® 
P(5) = > re” p(s) ea De 


The quantities a 4, a®.>,...,a@%,, therefore are such that for no set 
of k constants c,, Co,..., C,, not all zero, we can have 
(VIETS) Ss Eee 0 Ga 2. 
1l<a<k 
For if (VIII.18) were to hold (for a choice of the constants ¢, C2, .. «5 Cks 
not all zero), then the function 
FO).= 2] Dd, eabiier jas dasa 
1<qa<k 
would have the following properties: 
(1) F(s) would be holomorphic, by VIII.1.1, in every strip a<t<b, 
(2) in this strip, again by VIII.1.1, we would have F(s)=O(|o|") as o 
tends to —oo (r being constant). Denoting by » a constant 0<p<yp, and 
setting F,(s) = F(s) e?"“8, we would have 


FS) = 2.idy @~ na ae dy es, 


where F,(s) is holomorphic and bounded in the strip a<t<b. But the 
upper mean density Dj} of {v,} is equal to D},/27. Thus, F,(s), whose ab- 
scissa of absolute convergence is finite (=0), would be holomorphic and 
bounded in a horizontal strip of width exceeding 27D}. By Theorem III.2.3, 
F,(s) would be identically zero, contrary to our assumption that the pairs 
(~q, %q) are linearly independent. 

We have just shown that the linear independence of the solution 
(Pa %q) (Q=1,2,...,) implies that of the k systems (a. 1, a o,..., A»). 
For any (k+1)-th system (at, aS, ..., a +P) there exists constants 
01, Mg,..., % Such that 


attD = aa; + aga, +--+ + o,a%, (fF = 1,2,...,k). 
Thus, if we consider a solution (9,41, %,41) of (VIII.5) written as 


qk) HetD 
Pr+1(8) = aos tresi(s) = > amas 
m rd 


n 
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we can state, by applying VIII.1.1 once more, that for a certain constant 
p’ with 0<p’ <p, the function 


Fa(s) = 5 dj en 20-0» 
=> [ in cegb Eacie' ownd — > HED 20H, -us 
l<q<k 
is holomorphic and bounded in the strip a<t<b (whose width exceeds 
27D;-, where D;, is the mean upper density of {v4} with Vn = 271(fn—p’)). 
From Theorem III.2.3 we deduce again that F,(s)=0; that is to say, 
(Picts Picr1) = (@rpr + oo ++ + Oey Cry + +++ + ceyiby). 

This proves the theorem. 

The next theorem gives conditions which the sequences A, M and the 
constant 6 must satisfy so that the Riemann functional equation corre- 
sponding to (A, M, 8) should have a solution. This theorem shows essen- 
tially that if the step of M is positive (h, >0), then A has an ‘integral basis’ 
which incidentally can be taken in an arbitrary interval of length exceed- 
ing D,+h;}. 


THEOREM VIII.1.3. Let M be a sequence of positive step h,. Let Dj, be the 
upper mean density of M. Let 5=1 or 8=3 and suppose that the sequences 
A and A are such that there exist three constants , €, %>1 such that for 
n>1 
(VIIT19) posi — bn < 9 
(VIII.20) €-1 < max |b,,,| < ©, when 6 =1; 
1<v<@% 


€-1 < max |b,,yn7.| < ©, when 56 = 3. 


1l<v<@ 
Suppose that the pair 
9) = TH YO) = Ds 
satisfies the Riemann equation corresponding to (A, M, 8). 
Let p and k be two positive integers such that 
Ap +k+1 Rai Xp > D, a" hj’. 
Then k >2, and every A, is of the form 
(VHI.21) A, = MP Ap 41 a MP An +2 titi MP Xo +109 
where the m; (j=1, 2,..., k) are integers. 
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There exists at least one r, exceeding 4(D,,+h;1). If q is the smallest 
integer such that q.1>4(D, +h; 4), then every 2, is of the form 


(VIIL.22) Ay = PPA, + pPAg tos + PMA 


where the p,; (j=1, 2,...,¢q) are integers. 
Furthermore, 


Pn+1— bn 2h, (n2 1). 

If we set for o>0: 
Y(s) = (B, 27M) = > b, e725, when 6 = 1 
Y(s).23.(BM- 120M) = > bos, e7 7.3, when. 6. 3, 


then the function (s) is holomorphic and uniform outside the axis of con- 
vergence o=0, where its only singularities are simple poles at the places 
+id, and s=0. For «<0 and suitable constants c and d we have: 


Ys) = — > by e774 +c, when 6 = 1 
Y(s) = > bu, * e7*s* + d, “when. 6 = 3. 


We remark that the conditions (VIII.19) and (VIII.20) in the statement 
of Theorem VIII.1.3 are superfluous: the conclusion is valid without these 
assumptions; and these conditions themselves are consequences of the 
other assumptions of the theorem. The present theorem, incidentally, 
is an almost immediate consequence of Theorem VII.2.1, where, as we 
have remarked, the conditions (VII.20) and (VII.21) follow from the 
other assumptions of the same theorem, namely from the fact that the 
series (A, A) only has simple poles on an interval of a certain length on 
the axis of convergence. Here the conditions (VIII.19) and (VIII.20) 
follow from the fact that (9, #) is a solution of the Riemann functional 
equation. 

Here is a proof of Theorem VIII.1.3 on a few lines. The fact that 
k>2 is an immediate consequence of Theorem III.2.3. For if we had 
0<k<\1, then there would exist a sufficiently small e>0 so that 


I= (ps2 —- 8) — (Ar +2) > Di + hz}. 


And an interval of length J would contain at most a single A, (namely 
ASGa): And since D,<h,*, there would exist an interval J, of length 
exceeding D,, not containing any A,. 
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The function Ys), which has on the axis of the convergence o=0 only 
simple poles at the places +i, and (by Theorems VII.2.1 and VIII.1.1) 
the point s=0, would be holomorphic in the horizontal strip that cuts 
out on o=0 the interval J,; in this strip the function would be O(|o|”) 
(o > —oo). Theorem III.2.1 would then show that 4=0. We could also 
apply Theorem VIII.1.2 directly, which itself is an almost immediate 
consequence of Theorems III.2.3 and VIII.1.1. 

Now (VIII.21) follows immediately from VII.2.1. And (VIII.22) fol- 
lows from the fact that on an interval [—i(A,.1—«), i(A,y41—©)] (where 
e > Ois sufficiently small so that the length of this interval exceeds D, +h"), 
¥(s) has as singularities only the simple poles at the places +iA, (l<n<q) 
and the point s=0 (VIII.22) therefore does not differ from (VIII.21). The 
other conclusions of the theorem are reached by applying first VII.2.1 
to Ys) e"* (0<pu<2zp,). Therefore, by VIII.1.1, we see that for =1 
or 6=3, the function Y(s) (minus a constant) is odd or even, respectively. 

Here are some corollaries to Theorem VIII.1.3. We assume tacitly 
that the conditions (VIII.19) and (VIII.20) are satisfied. We also assume 
that the pair (9, #4) satisfies the Riemann functional equation correspond- 
ing to (A, M, 5) with 6=1 or 6=3. 


VIII.1.4. If h,Ag>1, then there exists an increasing sequence of positive 
integers {m,} such that 4,=Mm,A, (n> 1); there exists an integer v such that 
pyAy=1, b, =), for n=q (mod »). 

By Theorem VIII.1.3 we have: 0<A,<4(D,+h;1); and since, by 
hypothesis, A.>h;>1>4(D,+h;+), the same Theorem VIII.1.3 gives 
An= Marz (n> 1). 

Thus, the function 


(5) = Sa, e- 2" 


is periodic of period iAy*. Since the only singularities of © are the points 
+i, and the origin (by VIII.1.1), there exists an integer v such that 
py=Az+. Consequently, for every n we have: »,=m,+mdA;*, where 
0<q<v (4 =0), and m is an integer. From the periodicity of ® it also 
follows that b,=5,(mod 7). 


Remark. Since the points +iu, and the origin are the only singularities 
of @(s), namely simple poles of ® (if 5=1) or of the function 
> a,Az e728 (if 5=3) we conclude easily, owing to the periodicity 
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of ® and of that of the places and the residues of the poles, that the 
a, and the A, satisfy the conditions (VIII.19) and (VIII.20), with the 5, 
and the , replaced, respectively, by the a, and the A, (for a suitable 
choice of the constants 9, ©, %). 


VIII.1.5. Ifh,Ag>1 and if 2h,rA,>1, then ,=nd, (n21). 

By VIII.1.4 we have: A,=m,A,, where m, is an increasing sequence of 
positive integers. If the conclusion of VIII.1.5 did not hold, then there 
would exist an mp) such that 


Age con es Ag 2 21, 
and the condition 2h,A;>1 would give 
Ano +1 = Xno > he Dig 


and III.2.3 would again lead to the conclusion =0. 


Remark. The conditions of VIII.1.5 are satisfied if h,A,>1. 


VIII.1.6. If to the assumptions of VIII.1.5 we add 2A, >1, then there exists 
an increasing sequence of positive integers {m,} such that p,=m)p, and 
Ayp41 is a rational number. 

We refer to the remark after the proof of VIII.1.4. By VIII.1.5, we have 
An=ndr,, hence hy, the step of A, is equal to A,; the equality p,z=mip, 
(n>1) therefore follows from VIII.1.4. And since p,=pu,+mdA;z1 
(O<p,<Az?, 4o=0) (see the proof of VIII.1.4), we conclude that for an 
n with p,>Az* we have miy,=my,+mdA;z*, with m,—m;>0, that is, 
Ayp1 =m/(m,— m4). 


VIII.1.7. Tf h,r2> I, 2h, rx > 1, MoAy > I 2x = r. then Pn =Npy (n> 1). 
This follows immediately from VIII.1.5 and the first part of VIII.1.6. 
In particular, if A;=1, »,=n, then also A,=n. 


VIIT.1.8. Ifu,=n (n> 1) and if d, >1, then every solution (g, #) of (A, M, 8) 
is equal to af(s), where a is a constant and ¢ is the Riemann zeta-function.1 

This follows easily from VIII.1.5 and the argument used in the proof 
of VIII.1.4 (which here yields a,=a,.,=b, (n>1)). 


NOTE 


1 We recall that from Theorem VIII.1.3 onwards we assume that 5=1 or 8=3. 


CHAPTER IX 


INFLUENCE OF ARITHMETICAL PROPERTIES OF 
THE EXPONENTS OF A DIRICHLET SERIES ON 
ITS ANALYTIC CONTINUATION 


IX.1. Isolated fractional parts of the exponents and 

the possibility of analytic continuation 
There is an interesting link between two apparently distinct phenomena 
in the theory of functions: on the one hand, the dependence of the charac- 
ter of a function represented by a Dirichlet series (and above all, of the 
distribution of its singularities) on the arithmetic structure of its expon- 
ents, and on the other hand, the behaviour of a function of class A (that 
is, of a Fourier transform of a function belonging to L) with compact 
support, or what comes to the same thing, by the Paley-Wiener theorem, 
the behaviour of an entire function of exponential type that is integrable 
over the real axis. 

A very special case of this link between the two phenomena has already 
occurred in Chapter V in the proof of Theorem V.4.3, in which Lemma 
V.4.1 played an important role. But, in fact, the lemma in question itself 
gives a straightforward link between the behaviour of an entire function 
of exponential type on the parallels to the real axis, and the type and the 
order of magnitude of the maximum of the Fourier transform of the func- 
tion will only be fully applied in this chapter, in (IX.2) more completely 
than in (IX.1). Here we are no longer concerned with the question of 
‘composition of singularities’, which was treated in Chapter V; we shall 
speak of the ‘distribution of singularities’, although some important 
points of the technique we use are akin to that of Chapter V. 

In what follows we assume, as before, that the step of the sequence A 
is positive. We also assume that the abscissa of convergence of (A, A) 
is o,=0; we recall that when the step is positive, 

o, = 0, = lim sup (log |a,|/A,). 

We suppose that the continuation (which we assume to be direct) of 
f(s)=(A, A) into P,- with o’ <o, is uniform. If S,, (=Sz-,,) is the singular 
set of fin P,-, we denote by S* (=S,,) the closure of the set of all points 
a+2k7i, where « is an arbitrary point of S,, and k is an arbitrary integer, 
then we denote by 2 the intersection of S% with the axis of convergence. 
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This set X is independent of o’ if o’ <o,. If X is not the line c=o,, we say 
that the series f=(A, A) is continuable modulo 27i. Otherwise we say that 
the series has the axis of convergence as natural boundary modulo 2zi. If 
the points of X are isolated points of S*, we say that the singular set of f 
on the axis of convergence is isolated modulo 2zi. 

We denote by (A,) the fractional part of A,, that is, A— EA, (we recall 
that Ea is the integral part of a). 

The sequence {(A,)} of fractional parts can also be denoted by (A). 

The theorems which we are going to prove first of all have the follow- 
ing meaning: if f=(A, A) can be continued modulo 2z7i across its axis of 
convergence, and if fdoes not grow in P,, (o’ <a,), except at the singulari- 
ties, faster than a function A(t) (which itself is subject to certain conditions), 
then the values taken by the fractional parts (A,) must be sufficiently 
‘piled up’, the ‘piling’ depending on the growth of A(t). The piling is still 
greater (for example, almost all isolated values of the set values taken by 
the (A,) must each be taken infinitely many times) if the singular set of f 
on the axis of convergence is isolated modulo 2zi. 

To make precise statements of these theorems we need some new 
definitions. 

We denote by 2 the set of values taken by the members of (A), that is, 
by the fractional parts (A,) of the A,. If w € Q, then there exists a A,€ A 
such that (A,) =, and 0<w<1, A,—w an integer; but there may be several 
An even infinitely many, whose fractional part is equal to w. We denote 
by A, the set of all the A, for which (A,)=w. Let A be the smallest term 
of A, and »™ the number, possibly infinite, of elements in A,. If w40, 
where w is an isolated point of 2, we denote by 5 the smallest distance 
from w to the other points of the closure of 2 (if such points exist). The 
interval J = ]w— 8, w+ 8 is called the interval of isolation of w. In 
the interval of isolation of w there is no other point of 2, and one of its 
extremities belongs to 2. 

In this section we prove the following theorems. 


THEOREM IX.1.1. (1) Suppose that f=(A, A) is continuable modulo 27i 
across its axis of convergence (c=0) into P,, (o’ <0). Suppose that f does 
not grow in P,-, except at the singularities, faster than A(t), where A(t) 
(t>0) is a positive non-decreasing function satisfying the condition 


(X.1) i 18 AO a Se 
1 
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(2) Suppose that when we set 
0x2) Ha = [20 a (a> 0, 


the set 2 of values w taken by the terms of the sequence (A) of fractional 
parts of the 2, contains an infinite sequence {w,} of isolated values in Q 
satisfying the condition 


(IX.3)  A(A@») < c8) (n> 1), 


where c is a constant smaller (2e)-1. 
(3) In every A, there exists a Xm, such that 


aoe ‘m 
(IX.4) tim OF lonel Sa0= a}. 
The conclusion is: 
yn) 
Yop > 0. 


We recall that lim sup log (|a,|/A,,) =0 because the step of A is positive 
and o,=0. 

Thus, the order of magnitude of the number of times the isolated value 
w, Of 2 is taken (where the value of w, is useful in the sense of (IX.4); 
that is, the w, are the fractional parts of the ,,, which with the corre- 
sponding coefficients |a,,,| provide by means of (IX.4) a limit equal to 
the superior limit taken over all the A, and |a,|, which yields the abscissa 
of convergence; here o,=0) by the terms of the sequence (4) is at least 
equal to that of the smallest term of A whose fractional part is equal to 
Wn: 

If A(t)=1, then hA(a)=0, and the condition (IX.3) is automatically 
satisfied. Hence Theorem IX.1.1 leads to the following theorem: 


THEOREM IX.1.2. The conclusion of Theorem 1X.1.1 remains valid if the 
conditions in this theorem are replaced by the following condition: 

The series f=(A, A) is continuable modulo 2mi across the axis of conver- 
gence into the half-plane P,. (o’ <0), where the continuation of f is bounded, 
except at the singularities. The set of values taken by (A) contains an 
infinite sequence {w,} of isolated values in 2 satisfying condition (3) of 
Theorem 1X.1.1. 
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We are going to construct an example of a series (A, A) that satisfies 
all the conditions of Theorem IX.1.2 (which, as we have just seen, is 
nothing but a particular case of Theorem 1X.1.1), but is not a Taylor-D 
series. 

Consider, on the one hand, a sequence of positive even integers M={1,} 
such that 4,4;>2u,, and on the other hand, a positive sequence {w,}, 
with w,<1, decreasing to zero; in addition, the sequences are such that 
for a certain value a< —log 2 


(X86), pe. eo, 
and let us study the function 
es es + e~ 2s Un 
(IX.7) f(s) = De-™ (| 
Two polynomials (z+2z?)“» (corresponding to two different values of 1) 
have no power in common owing to the fact that u,41>2,; we also see 
that f(s) for c>0 can be put in the form 


S(S) = 2 am e~*"* = (A, A), 


where the A, range over all the numbers of the form w,+q with 
Pn <Q <2p, (n2>1). From the inequalities 1>0,>wg>+++3 Masi >2u,t+1 
it follows that A has step h>0, because h>1—w,. Since (A,)=a, 
for An=@at+q, we see that Q={w,} and it is clear that A°W=y,+w,, 
vw = u,+1. We also see that when A,,=w,+4, then 


Am = S(t ): 
q — Bn 


By setting An, =@n+3,/2 we see that condition (3) of Theorem IX.1.1 
is satisfied. We also see that o,=0. 

On the other hand, it is easy to see that fis holomorphic in the domain 
D bounded by the curve C, given by |e~*+e~?5|=2 and containing the 
half-line o>0, and that this curve is a natural boundary for f. 

In fact, the function 

-s —2s\ u 

Als) = 2 (SS) 
certainly has these properties, by virtue of Hadamard’s ‘lacunary’ 
theorem, which is a very special case of Theorem VI.2.2 (the series > z4n 
has the circle of convergence |z|=1 as natural boundary); and for o>0 
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we have: 


2 


so that on every compact set contained in P,, with the chosen value of 
a (where a< —log 2 and (IX.6) holds): 


(IX.9) f(s) — fA] < KE ols] 72" < Ky Sa, em < 0, 


K and K, being constants. 

Since D < P, (because a< —log 2), we see that f(s) is holomorphic 
in D; it follows from (IX.8) and (IX.9) that f(s)—f,(s) is holomorphic in 
P,; since the boundary C of D, as we have seen above, is a natural bound- 
ary for f;, it is also one for f. 

The inequality 


If) —AG| < TC + e797)", 


with 0<8<1 (8=<8(e)), which by (IX.8) is valid on every part D, of D 
situated at a distance not less than e (e>0) from C, shows that f(s) is 
bounded on De (because f,(s) is bounded there). Therefore f(s) satisfies 
all the conditions of Theorem IX.1.2. 

Here evidently 


(IX.8) f(s) = As) as > (e7 ns = p(s)" 


Hence there exists a Dirichlet series that is not a Taylor-D series but 
satisfies all the conditions of Theorem IX.1.1 and even those of the special 
case Theorem IX.1.2. But these theorems indicate that a Dirichlet series 
satisfying their conditions has one important point in common with a 
Taylor-D series: if there exist isolated fractional values of the exponents 
corresponding to ‘useful’ A, (in the sense of condition (3) of Theorem 
IX.1.1), then the number of terms of A that have each of these values as 
fractional part is at least of the same order of magnitude as the smallest 
of these terms. 

We now proceed to the proof of Theorem IX.1.1. Suppose that the 
theorem is not true. Under these conditions we can extract from {w,} a 
partial sequence, which we denote by {a}, having the following proper- 
ties. 

(1) «, tends monotonically to a quantity «°; we may assume that o, 
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decreases to «°, because an insignificant change in the subsequent argu- 
ment is sufficient to treat the case when «, increases to a. 


(2) O<a,—0° <$ inf Angi —AJ=r3 a ty <1. 
(3) v@o = o(AG), 

4 yp) = o(AGn), 

(4) oe (An) 


(5) A@n+» is larger than the largest term of A,,. (We recall that A, 
denotes the set of \,, whose fractional part is equal to w). 


(6) %_— SW > On 4 7+ 5En+Y (nB1). 


Denote by A’ the sequence {A;}, arranged in order of magnitude, that 
is formed by the term of L) 4,,. Then A’ is composed of all the A,, belong- 
ing to all the A,, (v>1). 

Let m,=EA\. Then A\,=m,+e, with 0<e,—a°<r, ef, decreasing to 
«°, To every n there corresponds a v such that e,=a,; a, decreases to «°. 
We see that m, increases to infinity, and from (3) and (4) it follows that 


; nN 
(IX.10) lim =~ = 0. 


Denote by A,, a term of A, chosen so that 


log |a,,| 
rae? 


which is possible by virtue of (IX.4). 

Now we construct the functions F,(z) of V.4.1 corresponding to the 
elements specified there, in the following manner: if x,>0 is such that 
A(Xo)2>1, then we set C(x)=0 for 0<x<x 9, and C(x)=log A(x) for 
xX2Xo. For the quantity p occurring in V.4.1 we take (ce)~1+ and for q 
(in the same theorem) an arbitrary quantity such that 0<q<(ce)~1—2. 
When we set a=A“w, the corresponding function (of V.4.1) is denoted 
by ©,(z). 

Since for every a>0: 

C(a) 


Clr) 
ro) dt > rae 


(IX.11) lim = 0, 


(IX.12) h(a) = 


it follows from the construction of F, (see (V.16), (V.17) and (V.18)) 
that ®,(z) is an even entire function satisfying the following conditions: 
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(IX.13) |@,(z)| < e%ll-cuen ge (x), 


where &, is an even positive function decreasing for x>0, £, EL, ||, =1; 


the Fourier transform &,(u) of ®,(x) is real, non-negative, even, and satis- 
fies the conditions 


(IX.14) Bu) > ge-*™"” for |u| < 18%, 
(IX.15) %,(u) = 0 for |u| > 5», 


where «, =/(A“) is a quantity tending to zero, g is a numerical constant, 
and 0</<(1—2ce). 
We set 


(IX.16) &(z) => 5 en? (2). 

Since ®(z) is an entire function, we have by (IX.13) and the definition 
of C(x), 

(IX.17) |P(z)| < [A(|z|)]~* e7'"'L), 


where d is a constant and L(x) decreases to zero as |x| tends to infinity; 
L(x) e€ L. 
Denoting by (u) the Fourier transform of ®(x) we also have: 


is . 
Pu) = p ne ®,(u — a). 
Taking (IX.14) and ([X.15) into account, we see that when m is a positive 
integer, 
H(A, — m) = 0 


except when A, is a term Aj of A’, and m is the integral part of Aj. If the 
fractional part of Aq is o,, then 


BX, —m)= Bon) = ié 


/ 1 —6,An 
®,(0) > a e na’ » 
We set 
1 
WO) =z 


and consider for o>c>0 the integral 
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(IX.18) Ys) = [ ‘ ie fs —2)O(—iz) az. 


The conditions of the theorem and the inequality ([X.17) show that 


this integral has a meaning for o>c. 
For o>c’>c we can write (IX.18) in the following form: 


foo) 
en? B( — iz) dz; 


Crt 
c-io 


Wis = 5 ey i 


and with the given properties of ®, by applying Cauchy’s theorem we 
have 


c+ico A 
i) Et An? ®(— iz) dz = i fea O(y) dy = iD(Am ag? n). 


c-ia 
Thus, for o>c’: 
Ys) = i> e-"™ Y an G(Amn — 7). 


According to the remarks on & made earlier we see now that: 
(X19) ¥() = 1D a, e7"' 5 6,0), 
q 


where the quantities m,, n,, vq are defined as follows: the integers m, 
are the integral parts of the Aj, the Aj being arranged in order of magni- 
tude and forming the set A’, which is the union of all the sets 4,, (v>1); 
by virtue of (2), to every m, there corresponds a unique integer v=v, 
such that Aj € Ag,» that is, such that 


, ° 
Ng = Mm, + o,3 


n, denotes the integer for which \,=A,,,. 
Thus, we can write Y(s) in the form: 


(IX.20) Ys) = Se, e7™!, 


Since |$,(u)| is bounded, we see that o,, »<0; we wish to show that 
Og, y=0. ’ 

There exists an ascending sequence of positive integers {g,} such that 
W,=Vq, grows and that with r, defined by (IX.11) and r,, =s,, 


ARITHMETICAL PROPERTIES OF THE EXPONENTS 147 


A,,€4,, with v= w,, 


log |as,| _ 0 


Sn 


lim 


Since the step of A is positive and {),,} is a subsequence of A, and since 
{w,} and {A,,} are increasing sequences (by (5)), there exists a constant 
A such that 


1 < wz < AAG) < AD,,. 
Consequently, 


log wy, iG 


Sn 


It also follows from (IX.14) that 


lim 


@,,,(0) 2 & e7"nrsa, 


with lim 7, =0 (7,>0), because A,, > A@wn?, 
Consequently we have: 


log |@,,,(0)| ,, 
r ae 


Sn 


lim sup 


Hence, o,, y>0 and therefore o,, y=0. 
The radius of convergence of the series 


(IX.21) T(z) = deqz™ 


is, consequently, unity; and since (IX.10) holds, we see, by Fabry’s theorem 
(a special case of Theorem VI.2.2), that this series has its circle of con- 
vergence (c=0) as natural boundary. 

Now since (s) has as singularities only the points 2kmi, where k is 
an arbitrary integer, a simple repetition of the arguments used in proving 
Theorem V.4.3 (a suitable division of part of the plane, use of Cauchy’s 
theorem, etc.) shows that Y given by (IX.18) has in P,, no singularities 
other than points of S,-,,, that is, points of the form «+2k7i, where « 
is any point of S*,, and k is an arbitrary integer. Now by the conditions 
of the theorem the intersection X' of S*,, with o=0 is not the entire axis 
(c=0). This means that the axis is not a natural boundary of ¥. This 
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contradicts what we have found above under the assumption that the 
conclusion of the theorem is false. Here we have chosen the «, decreasing 
to «°. We would find the same contradiction assuming that the «,, increase 
to «°: it is sufficient to replace in ([X.18) ®(—iz) by Piz) e*. Thus, our 
theorem is now completely proved. 

A set S is said to be an isolated part modulo 27i of S, if it has the follow- 
ing properties: S <¢ S*¥ and there exists a closed Jordan curve contained 
in P;—Sj and containing S in its interior. 

Clearly, in the example we have constructed earlier (after Theorem 
IX.1.2) no point of Sz (=Sz,;) on o=0 (=o,) can lie in an isolated part 
modulo 27i of S, (in fact, this is true, in our example, for every point of 
S;). This remark shows that our example also illustrates the conditions 
of the following theorems: 


THEOREM IX.1.3. Jf to the conditions of Theorem 1X.1.1 we add the fol- 
lowing condition: 
(d) for infinitely many values of n 


pOn < 0, 


then there exists at least one point of Sz, d<0, on o=o, that does not 
belong to any isolated part modulo 27i of S,. 


THEOREM IX.1.4. Jf to the conditions of Theorem 1X.1.2 we add the condi- 
tion (d) of Theorem 1X.1.3, then the conclusion of Theorem 1X.1.3 is still 
valid. 

Suppose that Theorem IX.1.3 does not hold. Then every point of S,; 
on o=0 belongs to an isolated part modulo 27i of Sz. This means that 
every point of Sj=0 is a member of a set that is part of S*¥ such that 
there exists a closed Jordan curve containing the set and contained in 
P,, with no point of Sf on the curve. 

From the sequence {w,} we can now extract a sequence {«,} which by 
virtue of property (d) in Theorem IX.1.3 has the properties (1) and (6) 
on p. 143 and 144,* and if AY denotes the largest term of A,,, also the 
property 

~ ACSn+d 
lim Ten = 0, 

Keeping to the notation and to all the operations in the proof of Theorem 

IX.1.1, it suffices to make the following remarks: according to what we 
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have just said about the points of S¥ on o=0 (=o,) (if the theorem is 
supposed to be false), the function T(z) given by (IX.21) has on its circle 
of convergence |z|=1 only singular points each of which can be enclosed 
by a Jordan curve inside the disk |z|<e-¢ and on which T(z) is holo- 
morphic. But this time the sequence {m,} has a property which can be 
expressed as follows: there exists a subsequence {m,,} of {m,} with 
lim aa oe) 
M,, 

Now by a theorem of Ostrowski, the domain of existence of a function 
whose Taylor expansion has such gaps is necessarily simply connected. 
This is a contradiction, and the theorem is proved. Theorem IX.1.4 is a 
special case of Theorem IX.1.3. 


IX.2. Relations between isolation of the fractional parts of the 
exponents and the distribution of singularities 


Here are some supplementary definitions. If Q={q,} and 4 ={65,} are two 
sequences of positive real numbers, the set 4(Q) defined by 


4[Q] = U Gn rz Ja, Qn + 25) 
is called the neighbourhood A of Q. Thus, 
A[(A)] = UO (An) — Bn» An) + 5n)- 


Let D’ be the upper density of A and let t) be any real number. We 
denote by D(A; fo) the half-strip defined by 


(IX.22) |t-t%| <7D', o> —3[4—log DD 


if D'>0; D(A; to) is the half-line t=f, «20, if D’=0. 

Let S be an arbitrary domain and denote by S* the set composed of 
all the points s+ 2k7mi, where s is any point of S and k any integer. We 
call S* the domain S modulo 2zi. 

If / is any real number, then c[/] denotes the set of all the numbers 
1+k, where k is any integer (hence c[/] is the class of numbers congruent 
to / modulo 1). 

A real number a is said to belong modulo I to a set A if there exists 
an integer k such that a+ke A. If P is a sequence and Q C P, then the 
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set of elements of P belonging modulo 1 to 4[Q] is said to be isolated 
modulo 1 by the neighbourhood A of Q. 
We prove the following theorem. 


THEOREM IX.2.1. Suppose that the step of A is positive and that 


f(s) = (A, 4), 
with o,=0. Let M={A,,} (< A={A,}), where for An,=-p» Inp= Op: 


(IX.23) lim 281°! ne ae Fe 


Let 4={8,} a positive sequence such that lim 6,=0 and let A(t) (t2>0) 
be a positive non-decreasing function satisfying the condition (IX.1). We 
define the function h(a) (a>0) by (IX.2). Suppose that the following condition 
holds: 


(IX.24) A(un) < cd, (a > I), 


where c is a constant less than (2e)~?. 
Then f has no analytic continuation into S* (the domain S modulo 2ni), 
where S is an open domain such that 


(IX.25) S > D(A’s tp), 


to being any fixed real number, A’ the set of terms , of A that belong 
modulo I to A[(M)], so as to satisfy in S* the condition 


(IX.26) f(s) = O[A(¢])] ({t] > 0), 


uniformly in o as o varies on a compact set. 

Observe that this theorem is non-trivial only if for the upper density 
D; of A’ we have D, <1. For if 1< D;<e*, then S* covers, by the defini- 
tion of D(A’; to) an entire half-plane P, with d<0, where f cannot be 
continued ipso facto (the step of A being positive, c, is also the abscissa 
of holomorphy off); but if D, > e*, then S*, if it does not contain a half- 
plane P, with d<0, itself forms part of the half-plane of the convergence 
of f, and the question of analytic continuation into S* does not arise. 

Intuitively this theorem can be expressed in the following fashion. 
For a series f(s)=(A, A) (o,=0) to have an analytic continuation in a 
half-strip |t| <b, o>3(4—log b)b modulo 2zi and to grow not faster than 
A(|t|), it is necessary that every neighbourhood 4 of the fractional parts 
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of a useful subsequence M of A (that is: M < A, lim (log |bp|/4p) =0) 
which isolates modulo 1 as subsequence of A whose upper density does 
not exceed b, should be sufficiently small with respect to the useful terms 
(that is to say, ([X.24) should not hold). 

We proceed to the proof of the theorem. 

From M we can extract a sequence M’={w/} such that if we set 


Pn =Um, (121), 8 = 8m, ‘= {8;}, 
and denote by 4’[(M’)] the set LU ((u4)— 8%, (44) +8%), we have 

sup 4’[(M’)] — inf 4’[(M’)] < min (1, Ay), 
where h, is the step of A’. 

The set 

Ay = {Anan € A, c[A,] 0 4'[M'}} 4 0 
is a subsequence of A’. It follows, by the definition of the sets D, that 
D(A4; to.) < D(A’; to). Consequently S > D(A}; t)). Therefore, if we 
can prove the theorem for the case when MM satisfies the additional con- 
dition 

(IX.27) sup 4[(M)] — inf 4[(M)] < min (1, A,), 
where hy, is the step of A’, then the theorem is proved in the general case. 
Consequently we are going to assume that (IX.27) holds. 

We suppose that the series f(s)=(A, A), can be continued in S* and 
can satisfy there the condition f(s)=O[A(|t|)] ({t|-> 00) and we show 
that this leads to a contradiction. 

As in the proof of IX.1.1 we construct the functions F,(z) of V.4.1 
with C(x)=log A(x) for x>xo, where xX, is such that A(x,)2>1, and 
C(x)=0 for? x<xp, the quantities p and g having been chosen as in the 
proof of Theorem IX.1.1. We set a=, and write 


6,(2) = F,,(2) (n> 1). 
We define ®(z) by (IX.16), with a, replaced by (u,), the fractional part 
of wp. The inequalities (IX.13), ([X.14) and (IX.15) are now replaced, 
respectively, by 
|®,(z)| < Galvls lads (x) 
(IX.28) Gu) > gen*n"» for |u| < 18, 
(IX.29) ,(u) = 0 for |u| > 
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where 2, has the same meaning as in (IX.13), g and / have the same values 
as in (IX.14) and (1X.15), and e,=A(u,). We can then verify that the 
following relations hold: 


(IX.30) A[(M)] > support of Bu), 
(IX.31) tim 28 Se) my 


If we now set, as in the proof of Theorem IX.1.1, ¥(Q)=(e'—1)7?, we 
can define Ys) by the integral (IX.18), where ® has the meaning we have 
just given to it and fis given in the statement. Since the value of c occur- 
ring in (IX.18) is still arbitrary positive, we see that Y(s) is holomorphic 
for o>0 and bounded for o>e>0, where e>0 is arbitrary. 

There exists an R and an a such that if B denotes the half-strip 
|t—to|<7R, o>a, the following conditions hold: 


SB Be DO a) ie oy ee oe 


where D; is the upper density of A’ and o)=inf o for sé D(A’; tp). 
Denoting by D, the contour of B, defined by 


B, = Bt UP,, 


we see, by applying the methods already used in this book, that for o>0: 


Ys) = iF f@Us — DP iz)az. 


If we set 
0O<e<R-D, 


it is easy to see that when s varies in the half-strip B(e) defined by 
|t—t|<7(R—«), o>a+7¢, z varying on D,, then ¢(s—z) is a holomorphic 
function of s and of z and that it is bounded. It follows that Ys) is holo- 
morphic in B*(e) U P.,2¢. Since «>0 is arbitrarily small, we conclude 
that Y(s) is holomorphic in B* U P,. 

Still imitating the argument we have used in proving Theorem IX.1.1 
we obtain 


Ys) = id e-™ > anP(Aq — 1). 
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Now by (IX.30) we know that &(,,—7)40 only when d,, € A’, and by 
(IX.27) to every A,, € A’ there corresponds a single n such that 


An — ne A[(M)}. 
However, by the same inequality (IX.27), if for sufficiently large n there 
exists a A,,€ A’ such that ’,,-n €A[(M)], then this ,, is the only one 
having this property. We denote by {v;} the sequence of such integers 
nand let A,,, be the term of A’ corresponding to v, (hence An, —v; € A[(M))). 
There can only be finitely many integers n such that to each of them there 
corresponds more than one X,, with A,,-n€A[(M)]; to each of these 
finitely many n there correspond only finitely many such ),,. 
Therefore ¥ can be written for o>0 in the following form: 


(1X.32) WM) = Dane" +15 day BOn, — 4) 07%, 


where k is a non-negative finite integer. The series occurring in this 
expression converges for o>0, because Y(s) is holomorphic in this half- 
plane. 
For mj=n, we have (Am,—vj)=(An,)=(Hp). We also have an,,=by. 
Now 
Hu) ee 5. ®,(u - (Hr), 


where the functions &, are all non-negative; therefore 


(IX.33) a < O((y,)). 


So we see, by (IX.28), (IX.31) and (IX.33), that for the Taylor-D 
series 
A(s) = > dm,P(An, — »)) C7 = Dd, e-%# 


the abscissa of convergence is zero. 
But we have seen that the function Y(s) (hence A(s)) can be continued 
analytically in the half-strip 
|t — to| < wD}, a > —3(4 — log Di)D;, 
where Dj, is the upper density of A’={,,,}, hence of {v,}. This contradicts 
Theorem VI.2.1 and thus proves our theorem. 


154 DIRICHLET SERIES 


IX.3. Variation of the exponents and the analytic continuation 


Let A and M be two sequences of exponents, da positive number, and 
denote the set of all the differences d, m=An—Hm, With A, € A, ume M, 
lAn—Pm| <d by (A—M),. If u(x) is a positive function for x>0, and 2 
a subset of all the d,,,, then the set of d,,, contained in 

LU, (dy, ip V(dp,q)> dy. + v(dp,q)) 


dp, a& 


is called the v-neighbourhood of 2 and denoted by (2). The set of A, 
belonging to A such that there exists a u, € M with d,,_ €v(Q) is called 
the A-component of (2). 

If E is a set belonging to the half-plane o <0, then the set of points that 
cannot be joined, starting from the half-plane Po, by a Jordan curve 
without passing through a point of E is called the envelope of E and is 
denoted by Ex; it is the complement of the largest domain belonging to 
the complement CE that is connected with Po. 

We recall that when g=(B, M) is holomorphic in a domain D > Py 
and Q(t) is a positive function for t>0, we say that p does not grow in D 
faster than Q(t) if in the complement of the union of the disks C(s, «) 
with se CD, e>0 arbitrary, we have ¢(s)=O[Q(|¢])] (|t| — oo) uniformly 
in o with o varying on a compact set (so far we have only used this defini- 
tion when D was the complement of the singular set of ¢ in a half-plane). 

We also recall that if M’ < M, we say that M’ is a useful subsequence 
of M with respect to B if for {u,,}=M’ we have 


lim (log [Bn,|/Hn,) = Oa,o+ 


Let S be a closed set in the half-plane o<0 and M’ < M. We say that 
S cuts the domain 9 modulo [M, M’, Q] if for any domain D > P, for 
which there exists a function p=(B, M) holomorphic in D that does 
not grow in D faster than Q(t), and where M’ is a useful subsequence of 
M with respect to B, we have 


[S + CD]x 9 # ¢. 


It is evident that if S cuts 9 modulo [M, M’, Q], then S also cuts modulo 
[M, M’, Q] every set 9, obtained from 9 by the translation iy (where y 
is real). To see this it is sufficient to replace b, (where B={b,}) by b, e7?n, 

By the theorems stated in this section we shall see that if f=(A, A) 
and »=(B, M) have analytic continuations that are uniform, respectively, 
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in D, and D2, where these domains contain the half-plane of convergence 
(c>0 for the two series in our statements), then the upper density of the 
A-component of a sufficiently large neighbourhood »(A’— M’), (where 
A’ and M’ are, respectively, useful subsequences of A and of M) deter- 
mines an important relation between D, and D,. Here the ‘magnitude’ 
of this neighbourhood depends on the functions P(t) and Q(t) which 
determine the order of growth of f and of 9 in their respective domains. 
In other words, the sequences A, M, A’, M’ and the functions P(t), 
O(t) impose a ‘dispersion law’ on [CD,+CD.]x no matter what the 
functions f=(A, A) and y=(B, M) are, provided that f and @ can be 
continued directly starting from P) into D, and Dg, respectively. 


THEOREM IX.3.1. Let A and M be two sequences of positive step. Let D 
be a domain with D > Py, and let P(t) and Q(t) (t>0) be two positive non- 
decreasing functions, where log P(t) is a concave function. 

Suppose that f=(A, A) does not grow in D faster than P(t). 

Let M' < M and let A’ be a useful subsequence of A with respect to A. 
Let 0<v(x)<7<hy/2, where hy is the step of M, and let d>0. 

If by setting C(t)=log [P(t)Q(t)] we have for infinitely many , and 
Pms With (Ay — Um) € (A’— Ma: 


2 C@) 


5) 
ee | 


< cA, a Em)» 


with 2ec <1, then CD cuts the half-strip 
It] < 7D, o > —3[4 — log(hD’)]D, 


modulo [m, M’, Q)]; where h and Dare, respectively, the step and the upper 
density of the A-component of (A’+ Mg. 

We do not give here a proof of this proposition. The reader should be 
guided by the methods used to prove the other propositions of this chap- 
ter (and to exploit the fact that log P(t) is concave in a fashion similar 
to that in the proof of Theorem V.4.1) and should then be in a position 
to reconstruct the proof of Theorem IX.3.1. 


NOTES 


1 In this proof we also start with the assumption that a, | «°, and an easy change of 
the argument enables us to pass to the case a, ft a°. 
2 We set C(x)=0 if A(x) <1 (x>0). 


CHAPTER X 


BIBLIOGRAPHICAL NOTES 


The results of Chapter I are to a very large extent classical, for example, 
all the theorems concerning various domains of convergence. We note, 
however, that the upper mean density was introduced by the author in 
[36], where there is also the first account of our method to calculate the 
terms of the associated sequence; these values also come out from re- 
search of Ostrowski [47], taken up by Bernstein [8]. 

All the results of Chapter II are due to the author. For the theorem of 
II.1 we refer to [41], [42], [45]. But the case when all the A are distinct 
modulo 1 had already been treated by the author in the older [31], [35]. 
We add that in our older papers the form itself of the domain (after 
translating all the present results to the variable s) is much more restric- 
tive than in the more recent papers and in this chapter. 

II.2 is essentially devoted to the ‘fundamental inequality’ on the 
coefficients of a Dirichlet series: Theorem II.2.1. For series having an 
abscissa of convergence (which is the case here) this inequality had al- 
ready been presented by the author in [32] (under a slightly less general 
form). It was then generalized by the author to series that need not 
converge, a priori, anywhere: ‘adherent series’, and this has enabled us 
to apply it to a great many different branches of analysis (problems of 
moments, weighted approximation, generalized quasi-analyticity, etc.). 
See [36] for the general result as well as for the rest of the bibliography 
concerning this subject. Later results permitting the evaluation of the 
coefficients of the Dirichlet polynomials tending to a function were ob- 
tained by Schwartz [54]. Sunyer y Balaguer [55], [56], [57] and [58] has 
made a deep generalization of the inequality of the author concerning the 
adherent series in transferring it, with some new ideas on the ‘/ogarithmic 
precision’ (of the adherence), to Dirichlet polynomials: ‘adherent poly- 
nomials’. The results II.2.2 and II.2.3 (the more explicit case of II.2.2), 
which are both corollaries of the fundamental inequality, are utilized 
a great deal in the rest of the book. 

Theorem III.1.1 is a consequence of the results of the first section of 
II.1. This theorem likewise had been announced by the author some years 
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earlier under a much less general form [31], [35]. In these papers it is 
supposed that ail the A and the unit element are linearly independent. 
Theorem JII.1.2, announced by the author in [45], is a generalization of 
III.1.3 (which we call here a corollary to Theorem III.1.2) proved by 
Aronszajn [5], [6] who relied on our theorem in [31] and used the modular 
function to pass from our theorem in [31] to his own. As in [31], his 
domain is more restrictive than that of the present text. 

Theorem III.2.1, due to Ritt [52], is classical. Theorem III.2.2 was 
proved in a joint paper by the author and Gergen [30] in a less general 
form. In the present form it was proved by the author in [36]. The same 
remarks apply to III.2.3, which was also proved by the author in [36]. 
So was II.2.4. Theorem III.2.5 concerning the families of functions tend- 
ing to infinity is due to the author [29]. Theorem III.2.6 is a special case 
of III.2.8, the Valiron-Bieberbach theorem [59]. The proof given here, 
which is based on III.2.5, appears for the first time in [36]. Theorems 
WI.2.7 and III.2.9 are due to the author [36]. 

Chapter IV deals with Taylor series, essentially with Theorem IV.1.1, 
published by the author in 1937 [33], and to some of its applications. 
This Theorem IV.1.1 has been generalized by many authors, among them 
Denjoy [15], Lévy [23], Perron [48], Bouligand [12], von Mises [46], 
Dvoretzky [16], [17], Bergman [7], to several variables, etc. Theorems 
IV.1.5 and IV.1.6, which are both applications of Theorem IV.1.1, are 
due to the author, the first published in [38], the second in [34]. Theorem 
IV.1.6 was taken up and generalized by Valiron [60]. 

Theorems V.1.1, V.2.1, the subsequent lemmas, and Theorem V.2.5 
are due to the author [27]. The integral (V.3) introduced by the author 
has enabled Widder [61] (on the advice of the author) to establish a par- 
ticular case of V.2.1. Theorem V.1.1 was generalized by Bochner [10] 
who states it for general almost periodic functions. V.2.7 is a particular 
case of a theorem of Bernstein [8]. Theorem V.2.8 is due to the author 
[27], [35]. The ‘fictitious composition’ of V.3 and the relevant Theorem 
V.3.1 are due to the author [28]. Brunk [13] has proved some interesting 
results on such a composition. Blambert has indicated conditions for a 
‘composite’ point to be necessarily singular [9]. 

The functions F, of Chapter V with their properties expressed by 
V.4.1 were introduced by the author [39] (see also [44]). The version given , 
in V.4.1 is more precise than that of [39] and of [44]. The precise form of 
the inequalities concerning these functions as well as their Fourier trans- 
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forms, which is expressed by the relations (V.16), (V.17) and (V.18) - 
the last one an evident consequence of (V.16) by the Paley-Wiener 
theorem — play an essential role in Chapter IX, above all in the applica- 
tions of V.4.1. The existence of a function F satisfying, together with its 
Fourier transform, less precise inequalities have been demonstrated by 
Levinson [22] and Agmon [2]. V.4.2 is due to the author [39]. Theorem 
V.4.3 is due to Agmon (stated under a slightly different form). Theorem 
V.4.4 is also due to Agmon [2]. The results of V.5 (Theorems V.5.1, 
V.5.2, and V.5.3) are due to the author [27], [35]. Theorem V.5.1 is more 
precise than the corresponding theorem in [35]. Schottlander [53] has 
made an interesting synthesis of the composition theorems, mainly for 
Taylor series. 

Theorems VI.1.1 and VI.1.2 have not been published elsewhere. 

In contrast, an old theorem of the author [26] and another one given 
(under a slightly less general form) by Aronszajn [6] can be regarded as 
very closely related to Theorem VI.1.3. 

Theorem VI.2.1 is due to the author [35]. This theorem contains as a 
special case a theorem of Ostrowski [47] according to which the function 
cannot remain holomorphic on a disk with centre on the axis of con- 
vergence, of radius only slightly different from A(h, D’). 

Theorem VI.2.3 has not been published elsewhere. 

The Theorems VI.3.1, VI.3.2, and VI.3.3 are due to the author [35]. 
For Taylor series (or rather Taylor-D, to stick to our notation) Theorems 
VI.3.1 and VI.3.2 were proved by Pélya [51]. But in Pdélya’s theorems 
the maximum density occurs, a quantity not inferior to D’ (which can, 
however, be equal to infinity when D’ is finite). 

Theorems VI.4.1 is the classical theorem of Cramér (see [8]). Theorem 
VI.4.2 is due to Pélya [49], [51] (Theorem of Cramér-Pélya) and Theorem 
VI.4.3 is due to Bernstein [8]. 

Theorem VI.4.4 has not yet been published. It generalizes Theorem 
VI.4.5, due to the author [24]. Theorem VI.4.5 has been generalized by 
Pélya [50] and Jungen [20] who replace the word ‘pole’ by singular 
algebraic-logarithmic point. Theorem VI.4.6 is due to the author (for 
N22 see [25] for N=1 see [43]). Theorem VI.4.7 and its corollary VI.4.8 
are due to the author [43]. 

The theorems of VII.1 are due to Agmon [1], [3]. As to Theorem VII.2.1, 
it forms a modification of a theorem of Agmon [4]. In the form in which 
it is stated (apart from the conditions (VII.20) and (VII.21) which are 
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satisfied ipso facto, owing to the other conditions of the theorem, as we 
have explained in the remark following this statement) it can be found 
in a common paper by the author and Chandrasekharan [14]. The given 
modification of the original theorem of Agmon appeared interesting for 
the applications to the generalized Riemann equation set forth in Chapter 
VII. Incidentally, it is Theorem III.2.3 that permits the passage from 
Agmon’s theorem to the theorem stated. 

Chapter VIII finds its place in this monograph mainly to illustrate some 
new applications of Theorem III.2.3, which transfers Theorem II.2.1 to 
a strip. 

Lemma VIII.1.1 is essentially due to Bochner and Chandrasekharan [11]. 
The form given here to this lemma is that of [21], which was communi- 
cated to one of the authors of this paper by Chandrasekharan. 

Theorem VIII.1.2 was published in a joint paper of the author and 
Chandrasekharan [14]. It improves the conditions of a theorem of Boch- 
ner and Chandrasekharan [11]. Theorem VIII.1.3 is also in [14], as well 
as the corollaries following Theorem VIII.1.3. We remark that the condi- 
tions (VIII.19) and (VIII.20) do not occur in the original paper, because 
they are superfluous, just like the conditions (VII.20) and (VII.21) in 
Theorems VII.2.1. 

All the results of Chapter IX are due to the author. The account in this 
monograph has less restrictive and simpler conditions than in the original 
papers of the author. Thus, condition (IX.3), which occurs in Theorem 
IX.1.1, is much simpler than the corresponding condition in [37]. The 
same paper also contains Theorems IX.1.2, [X.1.3, and IX.1.4. Theorem 
IX.2.1, which is certainly the most important in this chapter, was proved 
under less general conditions in [39]. 

Theorem IX.3.1, for which we do not give a proof in the text, hoping 
that the reader will easily be able to reconstruct it if he has had the patience 
to read and to study the proofs of the preceding theorems of this chapter, 
is published in a slightly more complicated form in [40]. This paper also 
contains several other theorems on the same subject, as well as new applica- 
tions to the generalized Riemann equation. 


NOTE 


ON THE DIRICHLET SERIES REPRESENTING 
MEROMORPHIC FUNCTIONS 


Let f=(A, A) and let 0,<0,=0,,,. If s’€P,,, we define the class Es’) 
of S,,,; or simply, class E(s’), if no ambiguity is to be feared, as the set 
of all the points of S,,,, that can be put in the form s’+2kzi, where k 
is an integer. 

If E(s’) contains only poles, we say that this class is polar. If the orders 
of the poles of E(s’) have a finite maximum r, we say that E(s’) is polar 
of order r. 

If «=s’+2k7i is a point of a polar class of order r, we denote by 
A, ..., AM(s’), respectively, the coefficients of 


(Se) og(S =e) y¥ 


of the principal part of this pole. Then A%,(s’)=---=A{(s’)=0 
if q<r, where a is a pole of order q. If for an integer k we have 
s'+2kmi ¢ E(s’), we set AS(s’)=0 for 1<j<r. We set 


ne log | Aj(s’)| 
p(s’) = sup held lostilehin: 

If f has in P,, no singularities other than poles belonging to the classes 
E(s™), ..., E(s™), ... and if fis order v in P,,, except at the singularities, 
we say that f is meromorphic in P,, and that the polar order of f in P,, 
at infinity is p, defined by 


P = sup (», p(s), p(s), ..-» P(S™), « - -). 


In what follows we assume that o, <o,=0,,;=0. 
The following theorem holds:+ 


THEOREM 1. (1) Suppose that f=(A, A) is uniform and meromorphic of 
finite order in P,, at infinity, and that f has in this half-plane only finitely 
many classes E(s), ..., E(s®). Suppose that the classes E(s™), ..., E(s™) 
(m<lI) are situated on o=0 and that ry,..., 1m, respectively, are their 
orders. We set sS? =o + it®, and op=SuUp;>m 0. 

(2) Let p be the polar order at infinity of f in Bs 
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We denote by C® the n-th Taylor coefficient of f of (integral) order 
g>p. 
We set 


N=>ry+e+1 
jJ<m 


if s=0 is a pole of f or a regular point of f with f(0) 40; and we set 
N= > 7 + max(g + 1 — 4,0) 


j<m 


if f is regular at s=0 and this point is a zero of positive order h. Setting 


(9) 
re Co tes (CRs 
a fe ae 
ord “Cas 
we have 
. log |D 
lim sup log |Da.wl <p: 
n7o n 


If all the classes E(s™), E(s),..., E(s®) are situated on c=0 (m=l), 
then 


lim sup 


n> © 


log |Diwl — ee 
n av 


Proof. Let c>0; we set 
p(s) = (2? —1)-", 


and consider the integral 
pipetis dt : : 
(1) F(z) = el. S(s)o(z - 5) ari (Z=x+iy,s = 0 + it) 
for x>c. For these values of z: 


@ Fro=£335f fore-94% 


eg! o,+Etio 2 ds” 
+ Fal. 4. SOME — Dg 
the double sum being extended over 1<q</, where k is an arbitrary 
integer and over g=0, k=0 if E(0) is not a polar class; C?° is the circle 
|s| =e, C#*, 1<q<i, is the circle |s—s®—2kz7i|=«, where «>0 is chosen 
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so small that for each of closed disks bounded by C*¥? contains only the 
point s+ 2kmi if g>1, and only s=0 if g=0, and where all these closed 
disks are contained in P,,,, and in the half-plane x<c—e. 

If s+2k7i does not belong, for a given k, to E(s), then 


[ fe - 9) ser = 0. 


On the other hand, it is obvious that the function of z represented by 
the last integral in (2) is holomorphic for x>o,+<e. 
Thus, F(z) can be put for x>c in the form 


Fa) = #32 |, fO gare pea t TO. 


where 7(z) is holomorphic in the half-plane x>0,+<«. 
Since by assumption the polar order of f at infinity in P,, is less than g, 
we see that the sum 


ds 
F(z) = pe aca 
= > |, SOR ~ 9) sea 


converges absolutely and uniformly on every compact set when x is suffi- 
ciently large. If r, is the order of the polar class E(s®), which is not the 
class E(0) (if such a class exists!), we find that F(z) is a function that has 
as singularities only the points s+ 2k7i in P,,, which are poles of order 
at most r,. However, the points 2kzi can be poles of order r,+g+1 if 
E(0) is a polar class of order r,, or of order g+1 if f(s) is regular at s=0. 

On the other hand, the integral in (1) can be represented for suffi- 
ciently large x as (27/g!) > C e-”, 

Therefore this Taylor-D series represents a meromorphic function in 
P,, which has there at most N poles. 

By Theorem V.2.1 the real part of the places of these poles in the half- 
planes «<0 does not exceed op. It is now enough to apply Hadamard’s 
theorem on the polar singularities of a Taylor series to arrive at the re- 
quired result. 


THEOREM 2. Suppose that the sequence A satisfies the condition 


lA, -n| <a<}4 (m2 1), 
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that condition (1) of Theorem | holds, and that condition (2) of Theorem 1 
is replaced by the following condition: 

(3) f(s) does not grow in P,,, except at the singularities, faster than 
exp C(|t|), where the non-decreasing function C(t) (t>0) satisfies the 


condition 
(Dae, 
1 


t? 
By setting 
N => > Tj, 
1l<j<m 
and writing 
an ses Qnin 
Dy; seal be 
Qn+N +++ OQn+e2Nn 
we have 
; log |D 
lim sup es er Oge 


To prove Theorem 2 we utilize instead of (1) the expression 


F@)= [fee — NH(—is) ds 


where 9(s) is the function defined in the proof of Theorem 1 and where 
H(z) is defined as in the proof of Theorem V.4.3, with C,(u) replaced by 
C(u)+a log u; a > sup (p(s), ..., p(s)) and C,(u) =0, {p,} being 
the sequence of positive integers. We imitate the proof of Theorem V.4.3 
and that of Theorem 1 of this note and finish up again by the application 
of Hadamard’s theorem that was used in the proof of Theorem 1. 


NOTE 


1 This theorem was proved in a more restrictive form in [27]. 
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